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Tl Using vertical line test to select the graphs that are functions:
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-
~ //
///
- e 10
~ - l
E——
7 ==
~ 0 r 10
5 E
?///Q/ .
5
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Sellg JlxJl

(domain & range)

F(X) OIBY) Jals Ly 32 £ samal) X o :(dOmain) Jial

F(x)  OEY) Jah Jlaall ad G2y a3 Al (range) sl

-how to find domain and range?

> Skew (aw )

» functions (<132

ddaadla

\_

1| Skew / ,‘5..\.43\3 d\e.d\ e &,\.‘EJ SJMQ KMJ Slac | ‘SMX

(N e aldiey) e qagd

9 Ga dau ) iy x-axis J) Al : (domain) Jaa

Domain € [-10,10] Sl s34 o Gt

Cn9 O A ) iy y-axis J) dial : (range) saa

range € [0,10] ciaall jsaa o Cn gl

/
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(o)

Ex: find the domain and range of the following:

05

o
i~
N

Domain € [1,2]

range € [-4,-1]

Domain € [-1,1]

o

range € [-1,0]

Domain € (—00,00) 2 ac g JaSa 4y

range € [0, ) AVl s a3y
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Domain R — {2}

. | range € (—oo, 00)

domain € (1, «)

range € (0,)
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(o)

Circle (8,51.J1)

(x —a)* + (y — b)? = 1?
-center (35sJ1): (a,b)
-radius (i)l caad): r

-special case if the center is (0,0)

2ty 37

y — 2 _ 52

y = +1rZ — x2

/

y=viT—x  y=—ViE—

P b

1]

i gall G (g5l 3 ol bl iy (8 3 513 Clual
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o,

Ex: plot the following functions and find the domain and

range:
1) y=—V4— x? | Domain € [-2,2]
(2) W ki Coai s Mo 5 jils Caal iy calls ) : Range € [-2,0]
(0,0) S5 (4 s 2) 4 (oo ¥ 5 o | S
2) W / Domain € [—ﬁﬁ]
' Range € [U. el ]
Uia Lo jlad Coaig (g sle 3500 Caual Jay i ga (B
(0,0) Sall52 5 B2

3) \/9 —(x-2)2 7 Domain € [-1,5]
: / | Range € [O.J?]I

3 la ki Caaig g sle 5 iy Chual Jiny can g
(2,0) WIS s

Domain & range ¢lic b g dan y el 13 cla Hly ¢ 25 IS 13a anha
GBay ladalin g ja) 3k clilia bk
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(o)

Domain of functions

Function diagram

Input = domain
— > | F(x)

— | F(a) Output = range

F(b)

O || (X

—— | F(c)

Domain: &dud> dlus! lgasgas s (I sl o8

=90 ,‘OLaAu“JLé.p ,HA’LW ‘3_9‘}-”)-1:5" J-ﬁ".) Lo) W‘ 3‘493” OA o So 3
(Yl CIlwg ¢

1-polynomial functions (394l il S)

domain —— R (real numbers)

2-roots——> oddroots —» R (dJlw 893 ol plie § Lo Jl> § Lnslg)

— > Evenroots —————" when the value inside the root is
bigger than or equal to zero

3-rational functions — > % —* thedomain of f(x) N

the domain of g(x) where g(x)#0

Positive number
4- logarithmic functions loga/):(x)
Domain is when f(x) is bigger than zero and f(x) is a real number

Note: - when a=e the form becomes In(f(x))
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(o)

5- exponential function a/® 250
If a =0, f(x) must be bigger than zero
The domain is the domain of f(x)
Land
6-f(x) = g(x)
X

The domain is the domain of f(x) N the domain of g(x)

Jlmadl 0950 OLABI J-1 OIA8I 39279 9l SULAS Qb ol Z3bo 9l aezr 39279 J> &
GUBLAY! Y lxe aboldi § 49 90 I

Ex: - find the domain of each function

1- f(x) = x? + x + 1 the domain is R
2- f(x) =3x2+1 the domainisR
3- Vx2—1 thedomainisx?>1—— » x>1,x<-1

1

- e the domain is R - {-1}

5- V2 the domain is R

6- Vx2 4+ 6x 4+ 8 thedomainisx > —2,x < —4
7- (W)4 the domain is x > 0
8- Vx* the domainis R

9- (x—+9) , 2> 0 Thedomainis x=-9,x <7
\/ x=7"" x-7

10 — + (x+9)

N the domainisx > 7

11 — \/4\/x2— —+/15 Thedomainisx >4Ux < —4

12— Y¥x2—2x+1—1 The domainis [2, ) U (—o0, —2]
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(o)
= X

13-22 the domain is R-{0,2}

14- ;:42 the domain is [2, ) — {4}
2_

15-2=2**% the domain is R-{0,-2,-3}
x+5+;

16-logVx? — 1 the domainis (—o0,—1) U (1, )

17-logs \/Z The domain is (—, 0), (1, )
18- 4logs Vx  the domain is (0, ©)
19- log,, Vx + V1 — x The domain is [0,1] - {%}
20-logg x + 2 —loggx — 2 The domain is (2, o)
21-log, i—z Domain is (—o0, —2) U (2, »)
dlaud Y 9l OLABYI paslas pusuind Y Jlxed! § da>dle*
22- logg * logx +2 —logx — 2

23- x—\/_ithe domain is [0, 00) — {3}

23- V¥ the domain is [0, 00)
24-log x — 1 the domain is (1, o)
25-Inx Thedomainisx >0,—x <0
26- ln(\/ﬁ — 1) The domain is R-[-1,1]
=l JLSY dasdHe
x? + 6x
(ax + b)?
a’x? + 2abx + b?
dolaadl opo dylaig ou3ig e8I 1dd anyd @5 2 (e (W8I Jolao doudty p gl
(x2+6x+9)—9
(x+3)2-9
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(o)

Trigonometric Functions

C » c2 = a? + b?

. a
Sinx=-
C

b

C osx=;

a
Tanx=;

C
Secx=-
b

C
Cscx=-
a

Co tx=2
a

Some important identities:

1-sin® ax + cos? ax = 1

2-1+ cot?(ax) = csc? ax

3-1 + tan? ax = sec? ax

4-sin2x=2sinXxcosx

5- cos2x=cos? x — sin® x
=2cos?x—1
=1—2sin%x

6-sinx + y = sinxcosy * cosxsiny

7-cosx + y = cosxcosy + sinxsiny
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D=R - {plaall Hlasl}
D=R-{0, m, 2w, 3}
DE-{nm}

R (e Ilae 1)

1 COoS X
® Secx= e Cot= —
CoS X sinx

D= R - {plae)l Hlasol} DER-{nm}

D=R-{§,37n,...} R (e LJlae p2)

DER-{(2n+1)§}

R (L8 dlas n2)

® sin X, cos x —— period = 21
sin(x) = sin(x+2m) = sin(x+4m) ...
cos(x) = cos(x+2m) = cos(x+4m) ...
tanx —  pgriod=m

tan(x) = tan( x - )= tan(x+m) = tan(x+2m) = tan(x+3m)
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x:|fsine=13, 2<0<m, findsin20

Sol:

sin20 = 2sinB cosb
27
sin?0 + cos?6 =1

%+ cos?0 =1
cos’0=1—
c0s%0 =

c0s%0 =

+\/_ -8

I_. Who is the correct ??

Be[g,n] 36 S &) cos9 <0 (-)

cos 9 =

cos 9 =—
3

sin 20 = 2sin0 cosH

—V8 _ -2v8 or —2v2x4 _ —-4\2
3 9 9 9

=2. 1
3

(Page | 16)




Even and odd function

*)Even function——»graph is symmetric about y-axis

o If we reflect the graph about
y-axis, we get the same graph

rabg & @

sall Je (dyao (3 F(x)=F(-x) (2 y-axis Jg=> Jloie(1
[-a,a] or (-3, a) [A
[-b,-a] U [a, b] [B or
(-b,-a) U (a, b)or
Laadll pud Jeg

*)odd function—, the graph is symmetric about the origin

e |If we reflect the graph about x/y axis, then reflect
about y/x axis we get the same graph

!

.,

N

p reflect about y-axis - T ' reflect about x-axis .

.y reflect about x-axis -~ |- _ reflect about y-axis

-—— reflect about origin

rabg & @

BAa e Byao (3 F(x) = - F(-X) (2 -Jood) Alais Jgo Jilao (1

[-a ,alor (-3, a) [A

[-b,-a] U [a, b] [B or _ F(X) — F(-X)
(-b,-a) U (a, b) or

Ll i e
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*) neither odd nor even function

L f)#—f(=x) [2  fx)#[f(=x) [1 :abys

=X ‘ X

*) we can know the odd, even, neither function from the graph :

1) f(x) graph—

2) f(x) graph —»

3) f(x) graph—

4) f(x) graph—

5) f(x) graph——

7) f(x) graph

A

<—€§—> — f(x) is not a function

—>f(x) is even function

byl S Ga>

— f(x) is even function

X

N f(x)
\\ . — f(x) is odd function

P N
f('x)\Y

!

F(x)
L} — f(x) is odd function
>

- X
F(-x) ]"

|

— f(x) is neither because

f2) # f(=2)and f(2) # —f(=2)

— f(x) is neither
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8) f(x) graph

9) f(x) graph

— f(x) is even function

— f(x) is even function

10) f(x) =sinx —»

11) f(x) = cos x —»

f(x) is odd function

f(x) is even function

N ) = i)

f(x) is even function
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Find if the functions are odd, even function ?
) f(x) = x2 —» f(—x) = (—x)%? = x2» f(x) =f(-x) —»

*)f(x)=1 —> f(-x) =1 —» f(x) =f(-x) ———> even

X0 <

*) f(x) = f(-x)=(—x)? +1=x2+1 —»f(x)=f(-x) —»

*) (x) = =T fx) =f(—» even, L-2_ cuen

x4

*) 1‘(X)=9§2(x4 + D> f(-x) =(=0)?((—0)* + 1) =x*(x* + 1> f(x)=f(-x}—» even
v

*) f(x) = x—>» f(-x) = -x —» f(x) = -f(-x)—» odd
*) f(x) =x°—» f(-x) = () = —x*— f(x)=-f(-x) _, odd
*) f(x)= f + x> flx) =(=x)% + (— x)=—x3 + —x = —(x3 + x)>f(x)=-f(-x)—» odd

odd + odd = odd

*) f(x) ==, x# 0> f(-x) ((‘;‘))3 — == f(x) = f(-x) > even, £=2% = cven

*) f(x)=x3 (x> + x)» f(-x)=(—2)3((=x)° + (—x))=—x3(—x> — x) = x3(x°> + x)
v

Odd *0Odd = even f(x) = f(-x)—» even
*) f(x)=x?(x° — 0> f(-x)=(=2)?((=%)° — (=0))=x*(—=x° + x) = —x*(x® — x)
v v
even *Odd = odd f(x) = -f(-x) —»>odd

* )2 xz even
)f(X) ( x)3 (x3+ )_> f(X) f( X)_’ Odd x3+x_odd = odd

So, we can say that:
even + even =even, even * even = even, even - even =even

odd + odd = odd, odd * odd = even, odd + odd = even

(Page |20)




*) And when we got:

(Odd =+ even )or (neither + * + neither)or (odd + * + neither)
we need to calculate f(-x).

) f(x)=x + x2 > f(-x) = —x + (—x)? = —x + x? - f(x) _, neither

*) f(x) = (1+x) (1-x)—» f(-x) =(1-x) (1+x)—> f(x) » even

— -1
L = 2 (22 = —in

X~ COSXx

2 14+x ) )
- + In—= is an odd function:
X°+Xx 1-x

*)show that f(x) =

2 2 -1 2

—Xx)“ cos(—x 1-x X“Cosx 1+x —X“CoSX
—»> F(-x)=M + 1 =— + In = —In
(—x)3+ —x 1+x —ﬁ:— 1-x x3+x 1—x

x2 cosx

=~

+ lni—z ) —» f(x) =- f(-x) —> odd function

x3+x

*)the function f(x) = is symmetric about ?

xZ+1
—-x

= — 5 *f(x) = -f(-x) »odd function = symmetric about the origin

*) the function f(x) =e ?*-e(2=%)  js symmetric about ?

f(-X) =e(2—x) _ e(2+x) - ( e(2+x) _ e(2—x))_> f(X) - _ f(—X)

(355 Jlm) il odd function —» symmetric about the origin  <«——

(Va3 +1—x+1) (23 +x+2Vx3+1Vx+1+2) .

*) the function f(x) = NPT is odd, even, neither on

interval [-1,1]?

NFTTT— T D) (6 +1+ 2V T x1) | (VFFIVEAD(VETHT J2VaT+ 1/aF T+ VT )
Va3 +1 + Vx+1 N Va3 +1 + Vx+1

f(x)=

Vx3+1—Vx+1XVx3+1+Vx+1f

_(
fx)= VL4Vt

= (W3 +1-Vx+1)(Vx3+1 + Vx+1)=x3+x

f(x) = x3 —x —p f(-x) = —x3 + x —p f(x) =- f(-x) —p odd function
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2

*) Are the functions »In(vVx? + 1+ |x|) , In(vVx? + 1+ x), lnx—+1, sinx

x3-2x

Even, odd, neither function ?

1] f(x)= In(Vx2 + 1 + |x|) »f(-x) = In(vVx? + 1+ |x|) - even

2] f(x)=In(Vx% + 1+ x) »f(x) =In(vVx? + 1 = 2)=In(VaZ + 1 - x)* —ﬁb——ﬁiig

=In(vx2+1+ x)_1= -In(Wx?% + 1 + x)» f(x)=- f(-x)—» odd

f(-x) = In

1
Vx24+14x

x+1 x+1

3]f(x)-ln— (- x)—ln——l n(X)=-nZ= s f(x)= - f(-x)-» odd

i a2 ; 2 (2
sinx sin(—x) sinx
—f(-x) = =

AJ f(x) = 3-2x T (—x)3-2(-x) —(x3-2x)

—> f(x)= - f(-x) > odd

*)Is the function f(x) = In(4x + 1) — In(1 — 4x) odd, even, neither function?
f(-x) =In(1 — 4x) —In(4x — 1) = —(In(4x + 1) — In(1 — 4x))}» f(x)=-f(-x)—» odd

*) Is the function f(x)=vVx2 —4  odd, even, neither function?

() =m = Vx2 —4 — f(x) = f(-x) = even function

—eX
+e*

*)Is the function f(x) =1 odd, even, neither function?

1
1-—= -1 —-(1-e*

flx) —& =2 _Z07¢D | f(x)= -f(-x) - odd function
14-27 1+e* 1+e*

(Page |22)




Increasing function

)IIf f(x2) >f(x1) , X2 >x1—» it's anincreasing function

f(x) = /V » increasing function

f(x)= /‘\ — increasing on the interval [-a, 0]

|
f(x) = /\ /\ Aincreasing —» (—o0 Al U[B,C] U
[D, ) / [ D‘/

»

Decreasing function

NF - f(x2) <f(x1) , x2<x1 — it's an Decreasing function

\4 — Decreasing function

/v Decreasing function on interval (—o0, -a]

d

decreasingat[A,B]U[C, D]

Decreasing—» (—0, -a]
increasing —» [-a, 0] U (a, o)
constant function— [0, a]

=nel
We can't say the function is (Neither increasing nor decreasing)
decreasing or increasing at

this point so we putitin

Poth intervals
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New functions from old functions

- Horizontal and vertical shifts

f(x)=vx+1

Domain

Horizontal shifts J
dad) da) ) areddl U] 1 )iy x @8 9 0LBYIAxD) ) el f(x — 1) ol s €
* To draw the graph of f(x — ¢) = We shift the graph of f(x) to the right by a

distance of ¢ units

* To draw the graph of f(x + ¢) = We shift the graph of f(x) to the left by a
distance of ¢ units
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| /

fO+1=+V/x+1

/1 2 3 4
sall

(' Range

Vertical shifts |
Tagee dal)) Jaud1 I 1 )ldey y o8 9 OBV dx) Jl ol f(x) — 1 0l €
 To draw the graph of f(x) + ¢ = We shift the graph of f(x) upwards by a

distance of ¢ units

 To draw the graph of f(x) — ¢ = We shift the graph of f(x) downwards by a
distance of ¢ units
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Ex. If f(x) = x?, sketch the graph of g(x) = x* + 2x + 4

gx)=x*+2x+1+3

fG) = f(x)+3

Shift to the left 1 unit Shift upwards 3 units

Shift downwards 3 units

2
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— Reflections

If fx)=x—-1 =

JI el xe Domain JI ;uSail 9y y9e Jg=> 0LV Ohga ) @l f(—x) of 1> ¢
ot Range

f(x) = f(—x) - reflection about y — axis

In (x + a) &Q\cﬂu\ﬂuﬁ@MeMH
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If fx)=x—-1 =

—fx)=1—-x

JI ;LEU oy Range J w&:ﬁ‘g X )90 d_9:>- ub’@}“ C)bj.) dl L.").)T —f(x) QT s &
tul Domain

f(x) » —f(x) - reflection about x — axis

(Page | 28)




255 @ p (Domain) x 8 oS 9Tl is o) Range JI @d 0f oY &

* sin(x) 3?\57/3/2\

° Zsin(x) \W"/m\

1 . :
5 Sin (%)

2336 & ( (Range) y o3 oS 9wl s o) Domain JI @d 0f Loy &
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Ex: If you know that f(x) = sin(x), sketchg(x) =1 —

2sin(x)

f(x) = sin(x)

N /

1
/n 3mi2 1\17/’ /2 W
-1

2

1

2f (x) = 2 sin(x) ——» Stretch vertically by a factor of 2

-1

-2

2

1

mz Wﬂ

—2f(x) = —2sin(x) —> Reflect about x-axis

[\

\

0

-1

-2

3

2

1

R

=21 w -

Graphof f(x) =1 — 2sin (x)
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f(x) =1-2sin(x)

f(x) = sin(x)

1
fG) =sin(x) -5

*Shift down by % unit

f(x)=2 *(sin(x) —%)

\ /A

-EWW o 2 0 w2 / m 3m2  2m \
14

Shift = % units downward = 1 unit downward = 1 unit upward

/

L sele Caanall 2aai Ll Jaudl Jay AeS b X sae s oSail W
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Ex: Explain how the graph of f(x) = x?> — 4x + 1 is obtained from the
graph of g(x) = x2.

f(x) = (x—2) _3_|—> (2) Shifted 3 units downward
~ |, (@ Shifted 2 units to the right

Ex: Let f(x) = x? + 2x, if f(x) is shifted 2 units right, 3 units up then
reflected about the Y-axis, what is the obtained function?

a) x2+2x+3 b) x? —2x +3
c) x>+ 2x—3 d) x> —2x—3
e) x2—6x+3

Solution:

reflected about the Y-axis = replace every x by —x
shifted 3 units up = add 3 to the function

shifted 2 units right = replace every x by (x — 2)
gx)=x%*+2x+3

Ex: Explain how the graph of f(x) = x? + 6x + 4 obtained from the
graph of g(x) = x??

Solution:

f(x)=(x+3)°>=5] >Shifted 5 units downward

L Shifted 3 units to the left

Ex: the graph of f(x) = sinx was shifted horizontallyg units to the right
to get g(x), find g(x).

a) g(x) = —cosx b) g(x) = cosx
c) gx) = g + sinx d) g(x) = sinx —

Solution: g(x) = f (x - g)

TC

2

g(x) =sin (x — E) = —COSX *sin (x — g) = sinx. cosg — smg. COSX = —COSX
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The graph of Inx 2>

The graph of ax, wherea > 0

e whena >1

e when0<ax<1

e whena=1
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How to sketch:

1) In(x — 2)

2) In(x + 3)

3) In(—x+3) = ln(—(x — 3))

In(x — 3) s
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6) —e™*+5

e—X
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Ex: If the domain and range of f(x) are [—1, 3] and [0, 4], find the range
of 1 —4f 1(x).
Solution:
Range of f ~1(x) is the domain of f(x)
3=2f1x)=-1
4>—-4f1(x)=-12
5>1—-4f1(x)=-12
Range of f~1(x) is [-12,5]

Ex: If the range of f(x) is [—3,5] and g(x) = 4 — f(3x — 1), find the
range of g(x) .

Solution:

Range of f(3x — 1) = Range of f(x), because the shifting and stretching is at values
of the domain (x).

5> f(kx)=>-3
32fBx—1)=-5
7>4—fBx—-1)>-1

Ex: The range of f(x) = V16 — x? + 2 is?

V16 —x2%24 > 16—x2(0260)
V16 — x2 4+ 2 6>V16—x2+2>2

The range of f(x) is [2,6]

Ex: Find the range of the function f(x) = |x| + 3|x — 2|
* The value of |x| is > 0 & the value of 3|x — 2| is = 0, so the sum of them is > 0

The least value of |x| or |3x — 2| is 0 so the least value of the function is when x = 0
orx =2.

f(0) = 6and f(2) = 2, so the least value of the function is 2, Range of f(x) is [2, ]
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Extra exercises:

1) Graph f(x) =sin?x + 1
sin? x

sinx + 1

7D -
./ \_:’/ N\
=211 -TT

2) Graph f(x) = —|x|+7

3) Graph f(x) =2cos(2x) — 1
cos(x)
cos(2x)
2 cos(2x)
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4) Graph f(x) = sin(mx)

sin(x)
(0.5, 1 (n/2,1)

j&v%mw

5) Graph f(x) = sin (g — x)

sin(x)

sin(mx)

sin(—x)

sin (—x + g)
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Composition of functions (U1 ,A8Y CuS )

Definition: Given two functions f(x) & g(x), the composition function (f o g) is

defined by (f o g)(x) = f(g(x))

(f e () = fg(x))
(g° N =g(f(x0)
(f o X)) = f(f ()
(Ge ) =g(gX))
Ex:If f(x) =x?*and g(x) =x—3,find (fog),(gof),(fof),(gog).
1) (fe9)
fog=fx=3) (x = 3) e Liwss £ 30 5m 50 x S e

feg=(x—-3)

2) (g°of)

gof=gx? (x?) Wy Jasy s g ()= 8252 90 o0 IS o

gef=x*=-3

3) (Fof)
fof =flx?
fof =x*

4) (ge°g)
gog=g9g(x-—3)
gog:(x—3)-3 *(fog):/_—(gof)

geg=x—=6
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Ex:If f(x) =Vxand g(x) = V2 —x,find (fe g),(g°of),(fogeog).
1) (fe9)
fog=f(V2-x)

fog=JV2—x=V2—x

2) (gof)
gof=gW\x)

gef=2-x

3) (fegeg)
fogeog="r(a(atx))
fogeg=f(9(v2=x))

fogog=f</2—\/m>

fogog=\/ 2—-V2—x
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Domain of Composition function

(Dfog) Domain of (f o g) = (Daqs‘) Domain of (ans) ﬂ\ng) Domain of g(x)

CSypall OlEYI QI oLBY!

(Dgof) Domain of (g o f) = (D,,s) Domain of (ans) N (Df) Domain of f(x)

CSpall OlEYI G oLBY!

Ex: f(x) =x*+ 3, g(x) = Vx,find Dy, ;& D gt .

1) Dfog: Dans QDLI—VXZO
ans = fog=x+3

Dgns = [_Oow Oo] =R
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Ex: f(x) =vVx,g(x) =V2 —x,find D, ;& D g.f .

1) Dfog = Dgns N Dy
ans =fog=1V2—x
Dyns:2—x 20
DansD,,s:2 = X

Dans = [_Oo: 2]
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Decomposition (S cld)

Ex: Given that h(x) = (f o g)(x), find f(x) & g(x) .

1) h(x) = (x — 2)3
g(x) = x — 2, (Inside term)

f(x) = x3, (Outside term)

2) h(x) =v1+5x
g(x) =1+ 5x, (Inside term)
f(x) =+/x, (Outside term)

3) h(x) = sin(x?)
g(x) = x3, (Inside term)

f(x) = sin(x) , (Outside term)

4) h(x) = sin3x
g(x) = sin(x) , (Inside term)

f(x) = x3 , (Outside term)

5) h(x) =

2+3x

g(x) = 2 + 3x, (Inside term)

flx) = i (Outside term)
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Ex: Let F(x) = cos?(x — 9), find f(x), g(x), h(x), suchthatfogoh = F

f(x) = cos?x

gx)=x-9
h(x) =x

*Very important example

Ex:If g(x) = 2x + 1, h(x) = 4x* + 4x + 7, find a function f(x) such
that fog=h.

flg®) = h(x)
fQRx+1)=4x*>+4x+7

I—» we can say that f(x) = ax? + bx + ¢, but f(2x +1) = a(2x + 1)? +
b2x+1)+c

4ax’* +4ax+a+2bx+b+c=4x*+4x+7

9l bylall e 202 99l § gm0 39

Sy (pdylall e Xl gumdl faaze a3
4ax + 2bx = 4x
4x + 2bx = 4x
2bx =0

b=20

c+b+a=7
c+0+1=7

c=6

fx)=x?>+6
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Inverse function (duSall G| ASYI)

Before talking about inverse we must talk about one-to-one function.

Def: A function is called one to one function if it never takes on the same value
twice, that is:

f(x1)# f(xy,) whenever x; # x,
b seall (s Jaall 8 ik 6Y (IS . oneto one O EY!

f(x) f(x)

One to one function Not one to one function
Dseall i agll 3,2 43y

Horizontal line test: A function is one to one if and only if no horizontal
line interest it's graph more than once.

y y = sin (x)

one to one (v 4ilize dkais (e iSL daws I adad 881 Jad 13) (adlall*
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*|If f (x) is one to one Inverse

*1If f (x) is not one to one Inverse 83

inverse 4lac! 4 La

.inverse 4lec) )38l oneto one Uie Ol EY! 1Y) paisall
Inverse:

Def : let f be a one to one function with domain A and angle B and range A and is
define by

f)=ye—> ) =x

*Note: domine of f~1(x) = rangeof f
(Tange of {71 (x) domine of f
Df—l = Rf
Rf—l - Df
Ex: f (x) = e¥+1,find f~1(2)?
ERTGSP-S }5‘51\ 2=l g

if x=0 PN PRSI
fO=¢€e"+1= 14+1=2 2

f1(2) = 0—— f(0) = 2 Sl s

(Page | 46)




*One of the most common f Inverse function are:
e* , Inx

%< » Inx
g ><(0, “)
(0,00 R

Df == Rf—l

How to find inverse:

1) write the equation asy = y =S8 e ol yB8yl i

2) we replace between x a oSallsy o x IS Jaw

3) we make y along side

4) atlast,y = f~1(x)
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5 Ex: Find f~1(x) if:
1) f(x)=0“4x-2)3+3

Jw —~ ¥V = (4x—2)°>+3

e@-‘“<>x= (4y—2)3+3
x—3= (4y-2)3
Vx—3=4y-2
Vx—3+2=4y

_ Yx—3+2
4

f(x) =
3) f(x) =

3/x=3+2
4

2x+1
x—1

2x +1
x—1

2y +1
y—1
xy—x=2y+1

xy—2y=1+x
y(x—2)=1+x

(Page | 48)

*Find f~1(4) 4l
ft(4) =3




3x —xe¥ = eY
e’ +xe¥ =3y
e’ (1+x)=3y

5 f(x)=x3+3x-2

y=x%+3x — 2 Complete square:
— 2
x=y"+3y—2 y=ax*+bx+c

Cduy d\@&\@“‘d‘b *d:(E)Z
el Jsy Lol 2

l Jy=ax?+bx+d—d+c

3 9
Z:> x=y*+3y—2 (5) =

x=y2+3y+§—z—2

— 3v2 Y
x=(y+3)" —~

3\2 17
(v+3) =x+7
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*Inverse trigonometric functions:

one to one Ui sin JI*

110 1 pemy (el 5 58 e Ui

isn't one to one one to one
. -1 T 1T
sinx sin~* x ——,=
272

T T

‘z'z] [1,1] [1,1]

[1,1] [_E E]

2’2

A f(x))=x , x €D
F(fYx))=x X € Dp1

aSe 5 o 8 g lal 43l paitall Tas aga () 538

L age byl G (any | plaldiy ey (S g

5 Al ) EY) e (e iy (S y J) A 4
Sl sadly

Ex: f(x)=¢e* , g(x)=Inx

1)f(g(x))=e""=x,x €(0,0) 2)g(f(x))=In e¥*=x ,x €ER

Dg Df

(Page |50)




O

xsin"lsinX =X

xsinsin~1X =X

2.Positive + 1.Positive +

a3l el oldie saclall

m—20

Not in domain In domain

3.Negative - 4.Negative -

Examples: sdan )l e clasSla

1sinlsinZ=m — z SINGIL 5 JY ol o s
6 6
_L“;.:LJ\

i Y PR VP T Jals 0585 2 5V Ly 082
s Lean 5 al o s SN Jae
@\)M 9 d}‘}“

Loz pea ) 45l ) 6)-3
T8 e g

. . T T
2.sin"lsin—-= =
4 4

. . 31
3.sin 1sm7=n—
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. . 1Tt 11w —TT
5.sin"lsin—="— — 2mr = —
6 6 6

&N 2l
x o ) Jala Llad s
Lo opal (lde gd ) sar &)

—TT TT

[53]

. . 8m 8w
6.sin"lsin—=— —
5 5

. . 13w
7.sin 1smT

b 21 o S) 4510
225 o e 21 i bl
O 0d>lgll 0y9udl e

"0 ol e i

13n _57‘[
T_ZN_T:<27T

zobl dams 21 e ST ls
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, one-to-one Ui %% JI
one- _)LA La U:""j A LI:\..ASB
.to-one

Not one to one \

cos X cos X
Domain | [0,1T] [-1,1] One to one
Range |[-1,1] [0,mT]

D=[0,m]

R=[-1,1]

In domain

2.Negative - 1.Positive +

4_1)‘)” ‘):\c\ u\.u.c sae al|

2m—0

3.Negative - 4.Positive +

Not in domain

aw )l e cillaadle

sdY il a5 C0S i
o

Al (685 a5 Ll 30 JS-2
e on s oSl Jla
SE 5 dsY)

coslcosX =X,X € [0, 7] s ds
Loz e ) 4l -3
21— 0 aleny Jlaall

coscos 'X =X,X € [-1,1]
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7T
3. -1 —
cos™* cos c

Gl o

5t
4.cos™ 1 COS —~

Sl o L

3

COS— =
2

5.cos” !

13w 13w 3T yea aa ) olie
-1 _ e g )l
6. cos cos—5 =27 R Gk ¥ 0yl

aﬁcw\
2T e S

3 3

COS? = ?

-1

1

7.COSCOS™ " # T

7.coscos 15 #5

sl o 5EY1 e = A i d) oY .
" ) (cos™1) S ) EY Jae 7 A 500 oY

(cos™1)

D in(cos™y=1-11
omain( ) =1[-1,1] Domain(°s ) = [-1,1]

n>1
5>1

coscos™ 1 is undefined

coscos™ 15 is undefined
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One-to-one

T T
tanltanX,X € (—=,=

2°2

tantan™1 X = X, X € (—, )

2.Negative -

Not in domain

3.Positive +

MJ\)]\ ‘).ﬂ:\ u\.ﬁa&: saclall

1.Positive +

In domain

4.Negative -

rdan )l e cillaa e

;\Su\ 9 dj\)” @)Sb A g tan d\-]_

L 5 IV el G e I tan ) e daly 685w 5Y Ll 5l JS-2

0= T ileny Jlaall Lgran 2 pen )3 4515 (51-3

(Page | 55)




T T
1.tan " ltan— = =
7 7

2.tan~ ! tan5—n = 5—n—n —
6 6 6

3.tan~ ! tan4—n = 4—n— = i
4 3 3

1 11t 11m
4. tan tanT:T—2n=

J213 e 080 5 gl gl 252 50

11w —Tr

5.tan” ! tan— 2 —
an an 6 6

6 tan-1t 11r  11m ) _3m -
tan™" tan—— = — T=TT7T= 3

s oY) ey gall Leaa s
aglia adduy (pany

7.tan"'tan3 = 3,3 € Domain(tan~!x)

Notes:
1.sin~1 X = arcsinc(X)
2.cos™ 1 X = arccos(X)

3.tan ! X = arctan(X)
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Examples:

Evaluate:

1.tan"1(-1) = %ﬂ

L 1
2.sinsin” 1= = E

3.sinsin"! 3 = undefined

4tantan~ 110 = 10

-In the previous cases we solved the composite of a certain function and
its inverse(sin sin™! x, for example), but what if we had the composite
of a function and the inverse of another function

(cos™1sin @, for example).

It has a different way of solving.

y & Jalll

el e o) JBY) G Sxe Jay

Y Al 5 A aaay 5 238 Clie o

(0o se i) uliall & Sal 2 2aay

Gl (ga 8 pilie s allay g JaD s
Example:
Evaluate:

1

. 11
1.tan sin 3

y =sin™!

1
3

siny =

tany =\/i§
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2.costan~12X
y =tan"12X
2X

tan)r::ff-

1
V4x2+1

cosy =

3.sin2sin~?!

y =sin™?!

sin 2y
2sinycosy
X, Na-x2
2 (=)
XV4 — X?
2

*Extra Examples

_ _ (X) _ sin%
1.Find domain of f = snx
Domain(f(X)= R — (plas)l ,lasal))
D(f(X))=R-(sinX=0)

D(f(X))= R- (nm, n=0,1,2,3)

X2%-1
eCOS.X'

2.Find range of f(X)=1 — 2 sin

—1 < ssin (anything) <1

2 > —2sin(anything) = —2

3 > 1 - 2sin(anything) = —1
3=2f(X)=-1

Range(f(X)) = [3,-1]

1

1L

3.seccos”
y = CcoS~

8
secy = -

ST

4X2 +1

Constant
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4.cscsin™1

1

1
7

1
7

y =sin~

cscy =
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CHAPTER ‘2’

Limits and Deriwvatives
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Limits and derivatives

Def:- lim f(x) =L, means:
x—a

As x approaches a, then f(x) approaches L

geaall qil gl ket ¥ Ll g il 8L duaidia Lgdl i ad g L i AN ALl A Lim )
(e sl O sray) 1aa B s da il aael) (e 85 (S5 %100

*from where limits come? ( f<bilgl) Cela Gl (n)

Alaad) Uik (A sy (Ada 68 Jlia pudal g

2 pm
da 5l (b Aima A pdd g g i gl g oMo O BN (O (yda ikl
LB Qe 85U &y aead) O i ry S
Wany Cidle ol 4883 baal ply gl Cndall] | juas 2 Aolud) die Al (10 a5 (B
2 delud) die aguad) g OIS aS Y1 Jgaad) Lal i gl AllD 8 AdSia Ui Ul prnald
Slgilly Jall ¢ sSm pai 81y Guai ¥ 5 (G
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o588 3AL Cl g o 8 (e a2 J)
lim f(x) = lim f(x) =10JD
x—-2% x—2~

Example: - consider the function f(x) = examine the values

x
(x+4)-2

of the function when x is near 0?
X——»0°
| |
-0.01 | -0.001 0 0.0001

3.997 | 3.999 undefine | 4.00002
5 8 d 5

4 sl e L i) Le S Sl s el (e iall (el S8Y) aie 48] Jaad

li =4

xg(r)l+ f(x) :|—, The limit equals 4
lim f(x) =4

x—-0~"

Remark: note that f(0) is undefined % when dealing with limits, we are

examining values as x approaches a, but not equal to a

*if lim f(x) = lim f(x) =L - lim f(x) = L (exists)
x—a x—a x—a

lim f(x) # lim f(x) - lim f(x) doesn’'t exist
x—a~ x—at x—a
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Limit form graph

2

51)1;1_ f(x) = }Hgf f(x) =1L i‘l‘g f(x) = L (exists)

}Lrgl_ f(x) = ,}L‘L{L f(x)=1L ng} f(x) = L (exists)

/
/

lim f(x) # lim f(x) => the limit D.N.E
x-a~ x—at
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lm, h(x) = oo ] the limit D.N.E

lim h(x) = —o0
X—a

A ) = e

lim f(x) =D.N.E
x—-0~

& oselall sl o 2SS ) g o) 4S5 juaa (e callal |1 el SIS GO ila ok
Ao H1 3 ) glaall ALY e cuad ( S192 dndia
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a) lim f(x) =1

b) lim, f(x) = 4
c) Li_r)r;f(x) D.N.E

d) F(3)=3

Rules of limits

1) lim[f(x) £ g(x)] = lim f(x) £ lim g(x)

2) lim[cf (x)] = c lim £(x)

3) lim[f (x) * g()] = lim £(x) * lim ()

f@ _ T
4 lim 25 = m g I F0

5) lim[f(x)]" = [lim f(x)]"™,n is a positive integer
xX—a X—a
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For all limits > oa il ga Algilly ulu)
ikl

Ol L) ol ) (s 1)
L) sl

Lol laid)

0
L, S 1y & 5
L)l sl

Evaluate:

Or solving it with tawjihi methods if you know what | mean @

2_
3) lim B+x)"-9
x—-0 X

=%eLRe6

Or solving it with tawjihi methods if you know what | mean @
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4) lim¥EZ972 ) oy ila b Ol ) Jleniad) pns peaaiy
x-2+(3=x)-1 i

,/(6—x —2 \/ 6—x+2 m+1 1
3 VBox-1 Vo—x+2 V3-x+1 2

: — > x>0
5) lim|x| fof* T2

lim x =0, lim —x =0 - lim[x| =0
x-07t x-0 x-0

s s 12

lim 8—2x=0
e

[llm Vx —
x—4

limf(x)=0

x—4

% x2d

x—3 x—3

Answer is _?1 Claliall a5 Lela 51 (©)
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9) lim 2x+12

x——6 |x+6]|

Glhaal) Ja0 La i g3 35S Ladie ) iy o) Balely o g3 Y
S

the limit D.N.E

3
10 X x>0
) IOL 1 x<o0

a)limg(x) =8
x—2

li1(1)1+ x3 =

. I

mg%g@X“%Zx_lz_lei)
X—

x3+8

11) t) (2 X7 2
1

xX=2
a) t(2) =1
b) the limit equals 12
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*) The infinity (o)

any number

0

EX : Evaluate :

1)

2)

3)

4)

5)

6)

. 2
lim —
x -1t X—1

. 2
lim —
Xx—-1" X—1

lim
x -1t

lim Inx=1n0" = —
x -0t

lim Inx = undefined
X -0~

2X—12 -16
1m =
X—-—2 |X+2] 0

= —00

Limit at infinity (<)o (§ Juelaidlly dedde L2d oda
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*) Indeterminate forms : Ao e dxlgy JI polaal

*) o0+ 00 =00

*¥) —00— 00 = —00

*¥) —0+ 00 ?? A

*) oo — 00 ?? "ds 5
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*) The squeeze theorem : (Sandwich)
If g(x) < f(x) < h(x)

and limg(x) =L and limh(x) =1L

xX—a xX—a

so — limf(x) =L | o558 Gn ) sana O 8l gxie 13) (*
X—a ..

i 5 33 53 5 I SN il s
5353 e Jans gY) o8l Ailed Jimy o )

A Y

* : i = 4 e , A
) Note: lim == =1 P13 Ayl (sla Yla alans (

) Note : lim =1

x->0 X [_111]

N J

*) Note : sinoo, cosoco = D.N.E

sin x

Ex: 4x —9 < g(x) <x?—4x+ 7, usingsandwich

theorem to find lirriL g(x):
X—

1)]lim4x —-9=16—-9=7
x—4

_lg.t_gg(x) =7

2)limx? —4x+7=16—-16+7=7 —

xX—4

Ex : Evaluate the following -

1) limsin2 = sin- =sinoo =D.N.E  Why?
x—0 X 0
D.IN.E  lynlls 1/‘71/0/1-/1o}$§ww§aﬂua§ww\msm )

2
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2)lim x2. sin(3) = 0.00 ??
x—0 X

* x2 (1= sin(l) > —1) | [1,1] o8 Laam Ll sin, cos gl <o lage
X

.1
x? > x? sin(7) = —x? squeeze theorem

2 _
=~ lmx® = lim x2. sin(i) =0 by sandwich
X—

> lim—-x2 =0 theorem
x—0

3)limx*cos=  H.W (Ans=0)

2
x—0 X

. o1
4)lim x?sin®==0.00 ?7?
x—0 X

o1
1> Sln; > —1

L1
1> sin?=> 0

. 51 .
lim x%sin?>==0 by sandwich
x—0 X

theorem
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[,- I35 S Lelale G alail JalS 0 Laale Lgh 5 5 30
bk e )

] sin x sin oo
lim =

x—o0o X o

1>sinx = —1

2
Ex: 1—%Sf(x) <cosx , find lin%f(x)
x—

x2
- lim1— 5 = 1
0 lim f(x)=1

X— 00

— lim cosx =1
x—-0
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Extra Example: 14> ege

2|x|< g(x) < x?+1,findlim g(x) , x > 0 inwhich
xX—a
verifies the sandwich theorem

Sol:

dolgdl 0SS UIABYI @uoy b o) Bams duylasd) (*

(gl L) 53T (anes diglucie agll (e sde s

2|x] =x*+1
X=+or—, x>0 (from question)

2x = x%+1 50 2|x|<g(x) <x?+1

x2 -2x+1=0 lim2|x| < lim g(x) < lim x? + 1
x—1 x—1 x—1

(x-1)2=0 1< }CI_IE gx)< 1

,50 lim g(x) = 1

x—-1

Jas Al Cng b o
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Limit of infinity

2.9999-3  —0.0001

= = = 0O
3.0001-3 0.0001

— 00

*) lim tanx = —oo *) lim_tanx = o
t T

= xX— =
x—>2 2

-
-
B

*) New type of limits when L-'> J> @b g oS dsle Ll L Lghola

Ex: Evaluate :

1) lim X2t [ plielly 893 1ST ao Jaudly 893 pSTUSL pliall e Jauudll Ul

x—-oo  Xx(x—1)

XZ-D

- lim \/32? - lim EES V3 gl Olis 3llaoll (£10 3 Lo

xX—>oo X X—00 x2
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2) lim VxZ +3x —x =00 — 00 2?7 s il danids ¢l

X—00
3ol

lim Vx2 +3x —x * XS4
X —00 Vx243x+x

lim /9/‘/+3x—/(4/ 8gd el

x—o00 VX2+3x+x 8¢ el

. 3x
915?0 PR U L G AT

> 00 aa sa I
oLt cle

: 7x%+4x-3 00 8gd el . 722 7
3)lim = — —— lim — = -
x—00 2X2—-12x+13 o g3 Al yooo 2xZ 2

4)lim VX2 4+ 4x + X — soselle Jd @ole Josl s s —>=00 + 00 =

X—00

co

~ lim f(x) called horizontal asymptote we will discuss later

x—+oo

*)Another type of infinity limits is :

lim (1 + %)x = e?

X— 00

Ex : Evaluate

nhm(1+9x

X—00

nhm(1—9x

X— 00
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3)lim

X— 00

=\ -3n
=lim(1+-—=2| = e+
X— 00 X

. x—In2\*
4) lim ( )
xX—00 pldll & 55

Tl e

. Im2\* _ —1 -1 . _ 1
lim (1_&) In2 — pln2 :El/ﬁz e

X—>00 2

6C

remember: [(—)C _ 2 ]

: 3\6% . 3\1 .
(1 — —) . lim (1 — —) , remember: | a®°
X—00 2x X—00 2X

6

i ((12) ) m0-2)
= |
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*Remark

1) f(x) is continuous = f~1(x) is continuous
2) sin(x), cos(x) are cont. = sin~*(x), cos~*(x) are cont.

3) If f(x) is continuous then ;lci_rffll(f og)(x) = 31{1_r)r(11 flgx)=f (31(1_r>r(11 g(x))

Ex: Evaluate lim sin~? (\/}_1) .

x—1 x—1
= sin™?! (lim (\E—l)) 53]

\»1:(«@1)-@/@1)

= sin~ ! <lim

x-1

@ﬁ?«‘m
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Examples for trigonometric limits:

Evaluate the following limits:

. sinx 0
1) lim— = -
x—0 Sinmx 0

sinx

lim —
x—0 SINTTX 11
X

sin(x?+4x+3) _ 0

2) li
x——-3 x+3 0

. sin((x+3)-(x+1)) x+1
lim .
X——-3 x+3 x+1

gl i) Ul Gl

2
limg(x+1)-limM y=x>+4x+3,y -0
xX——

x—>-3 (X2+4x+3)

sin
2 (22)
y-0\ Yy

—2-1=-2

3) limx - cot(f) =>limLx =2
x—0 3 x—0 tan(;) 0

4) lim %

x—0 1—cos(x) 0

 1—cos?’x & —ecosx) (1+ cosx)
lim—— = lim =2

x-0 1 —cosx  x-0 H—rcosy

(Page | 79)




5) lim 2sinx :9

x—0 x+tanx 0
2sinx
X

}c‘%§+tanx:1+1:1

X X

. cosx—%sian 0
6) lim ———— = 6 * Sin2x = 2sinx - cosx
x

1 —
Lt 1-sinx

~ (cosx — sinx - cosx) _ cosx {Id—-sinx)
lim - = lim - =
P 1 —sinx ol G —sinx)

2

0

. Sinx 0
7) lim—-=-
x>0 X 0

sinx 1

1
lIim——+—=1-—=D.N.E

x>0 X X2 0

sec?x—tan’x-1 _ 0

x2 0

xsec’x —tan’x =1

= lim0 =20
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Some examples for limits:

Ex 1: If a and b are real numbers such that lir%
X—
)
lim ——
x~0 g(x)

vax+b-2
X

=1,findaandb.

= 0 const. ,and lirré glx)=0
X—

So, lingf(x) =0 = lirr(%\/ax+b—2 =0
X— X—

Vb=2=>b=4

limvax+4—-2=x

x—-0

Vax+4=x+2 =>(\/ax+4)2=(x+2)2

ax +4 =x%+4x+4
"~/ "’
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Continuity

++ Discontinuity types
1) Removable & when f(a) # lim f(x), but lim f(x) = constant .
xX—a xX—a

2) Non-removable = when f(a) # lim f(x), but limf (x) = too (infinity
xX—a xX—a
discontinuity).
Non-removable > when f(a) # lim f(x), but limf(x) = D.N.E (jump
xX—a xX—a

discontinuity).

Ex: As shown in the graph discuss the continuity of the following functions.

fx) -

f(x)isc s x =25,3.5,3,2

f(x) has a removable discontinuity at x = 5, 2, 3.5

f(x) has a non-removable discontinuity at x = 3, (jump discontinuity)

fx) =

f(x) is continuous in its domain except at x=0,3,4
f (x) hasn’t any removable discontinuity
f(x) has a non-removable discontinuity at x = 4,3,0
x = 4 — infinity and jump discontinuity, x = 3,0 — jump discontinuity

*We can know the discontinuity from algebraic formula of the function such that
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1) f(x) =

because f(l) is an undefined value

*The limit of f(x) when x approaches to zero equals 1, but f(1) is undefined value

2) f(x) =
because f(—3) is not defined value

* lim3 f(x) =1, but f(1) is undefined value
x—o—

x2+6x+9

> — the discontinuity pointis at x = =3
x“+6x+9

3) f(x) = —— — discontinuity pointsarex = 1 and x = —1

and so on

2. One sided continuity

*If f(x) = lim f(x) and equal real number = left side continuity
X—C

*If f(x) = lim_f(x) and equal real number = right side continuity
X—=C

as shown in the graph

fx) -

f(@) = lim_f(x) so f(x) is continuous at x = a from the right
xX—a

f(b) = lirlr)1_ f(x) so f(x) is continuous at x = b from the left
xX—
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e e OLBYI JUas! (§ Eomdl 1l Clls 13]*
e e dlaie Ol A8

848 e dlall § Coxdl Jlged! Cdbs 131*
Bl Baxls dgr VLAY ylas pasuind

1 olsS LY Juail § el Jgudl CAb 13
Al BLLYI wie Juate p 0lBYI

*f(x) = V4 — x? >Domain->[-2,2]->continuous at [-2,2]
*f(x) = In (3 4+ x) >Domain->[-3,ec]->continuous at [-3,%]

*Show that f(x) = V9 — x? is continuous at [0,3].
It is continuous because the interval [0,3] is included in the domain.

f(O) =3 f(x) is continuous at x=0 from the
lir€+ f(x)=3 right.
X -

f(O) =3 f(x) is continuous at x=0 from the
lim f(x) =73 left.

x -0~

So f(x) is continuous at [0,3].

*Show that f(x) = V9 — x? has a discontinuity at x=%3.

lim f(x)->Does Not Exist ->Limit Does Not Exist - discontinuity at x

x >3t
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Extra Exercises

sin(ax)?

f(x) = {—4xz ) X > 0}

4 , x<0

Find the value of a that makes f(x) continuous at x= 0.
lim f(x) = lim f(x) = f(0)
x -0t x -0~

a? a?
lim f(x) = ” ,f(O)=4,T:4,a:i4

x —>0%t

sinx+5a, x< = \
2

f(x) = 11, x= j
a+b , x>
Find the values of a and b that make f(x) continuous.
lim, f(0) = lim_f(x) = £(0)
xli_)rgl_f(x)z 1+ 5a,fx)=11 > 1+ 5a=11->a=2

1ir51+f(x)=2+b,f(x)=11—>2+b=11—>b=9
X -
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| Horizontal Asymptotes H.A.

Asymptotes ‘ Vertical Asymptotes V.A.

g.{)l.&l]\.lo b | Slant

1.Verical Asymptotes (wogolall yladdl b glas):
X=a is a V.A. for f(x) if at least one of the following happens.

lim f(x) = £0OR lim f(x) = 2o OR lim f(x) = to
x —-at x—-a~

X —a

Dol Wio (g ooty (sudaas 9 Slie odie OLBYI b JI X 03 98 aiseally
Steps:
1.We find the values that make the denominator equal zero. (plis Hlasol)
2.Check the values by limit. (4lglb lglg= oo uSky).

Example: Find the V.A. for the following

a) f(x) == b)f (x) =
x=0 - Check x=2 - Check
i —1_ : _1_
lim f(x) = 5 = o0 lim f(x) = 5 = o

So, x=0is a V.A. So, x=2isa V.A.

¥~<
— X;:Q ,_DD\.) Mo L_,g W
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c)f(x)— S>x2—-1=0->x=1,-1
x—1 _ 1

0
x =1, lim f(x) = — > lim
x -1
So not V.A.

X = —1,xllr£11 flx) = o= ®= +00

So V.A.
V.A.only at x=-1

d) f() =25 =1

_ 0  (x=-Dx+1 o (x+1)
F= 1 G = g o i T i

So, not V.A.

No V.A.
sinx
e) f(x) =tanx — tanx = s

3w 5m

- = (2n—1)=
x=75g = @n-13

sin x
llm tanx = hm = —= o0 = too,V. A

x"i x > COS X

T
x=2n—-1) - are V.A. for all integers n.

f) fx)=In(x—3)—>x=3
x=3,lim In(x—3)= lim In(07) = oo =400, V.A.
x —=3% x —-3%

el e s 31 e Qe 09 OLABYI il 4Bl Sy
g) f(x) = In(2x+1)—>x=_?1

x=—, lim Imn(2x+1) = lim_In(0%") = o =too,V. A
—1

2

2 2

sinx

h) fx) =—=—->x=0

~sinx
x=0,lim——=1%# t+o,n0 V.4
x>0 X
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Find V.A. for:

2,
fay =1 1

_, <1
1—x x

x=1, lim 2=2
x -1t

x=1,x1Lr£1_ 1—x=0_+= oo,soV.A.atx =1

sin(x — 1)
f@) =—z—gx=-11
sin(x — 1) 1 1

*=Llmf@ =g M e hern M a ) 2

_ sin —2
x=-—1, lim f(x) = = —00 =t
x—>-1 0
Limit at infinity.
So, V.A. atx=-1

2.Horizontal Asymptotes (43! )yladl bglas):

X=ais a H.A. for f(x) if at least one of the following happens.

lim f(x) = aOR lim f(x) = a,where ais a constant.
X —00 X >—00

*Note: If want to find H.A., you must find

lim f(x)

X >+
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Example: Find the H.A. for the following
2
a) f(x) = —

x+1 V.A: x=a

_ 2
xl—l)r-l_poo flo) = +oo 0 H.A: y=a

So, H.A. at y=0.
b) f(x) =tan"1x

Reminder:

x =00 lim tan 1x =tan™!

X —00

x=—o0 lim tan"lx =tan~

X >—00

SoH.A aty=§,_7n.

So, H.A aty=%
d) f(x) =e*

x =00 lim e”* o,no H. A

X —00
1

[00]

x =—o0o0 lim e*
X o—00 e

e) f(x) = Vx?+1-—-

VxZ2+1+x 1
lim Vx%2+1—x * - lim
x —Foo Vx2+14x x~fo \x24+1+4x

_ 1
lim
x->too |x| 4+ x

1
=—=0,s0H.A.aty =0
(00]
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V2 |x
undefined — lim X1
x>t 3x

V2 V2

=X HAaty= =
3 AAty =

2 -2 2
= 3 ,H.A.atsz

3.Slant Asymptotes (S.A.)

Polynomial

o S 5 SI3 G pall Ta
Polynomial g sl (1 any) )l sas )
oAV @l b ghaa

Ao e 098w, SAAJ! (2 085w dawdll Olgz 9 digh dawd Janiy laisb

y=mx +b
1) f(x) =

X3
x2+1

VAR
Fal l'!
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x2 x3

(x+1)2  x2+2x+1

— b
a T l—_'?—
YA | X
OFI
-7 -1
SN AT S

2) f(x) =

Y 4
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CHAPTER ‘3’

Differentiation Rules




Derivatives of Polynomials and Exponential Functions

1-Constant Function f(x) = ¢ >Real Number Slope of
| ” tangent:

’ _ ’ i fxth)=f(x)
Fe =00 f() = im RO

- C_C_ . I .
i = fimp = im0 =0

2-Power Function f(x) = x™, where nis a real number.

fx+h) —fx) _ I (x+ )" = (x)"
A = l1m

h—-0 h

f'(x) = lim

C(htx=x)((h+2)" D+ (h+2x)"2x) + -+ (x™ 1))
= Jm h

X1 s S dedd Nt dgddl dae

— nxn—l

- 3_ 3
Example £(x) = x3, lim L&) -y, &) —00
h-0 h h—0 h

o x3+3hx?+3h%x + h3 —x3
= lim =lim 3x? + 3hx + h? = 3x?
h—-0 h h—-0

3-Exponential Function f(x) = a9® , where a is a positive real
number .

Special Case (when a =e):

f'@) = g'()a?® In(a) () = ()¢5 In(e)
Find f’(x) for: f/(x) — gr(x)eg(x)

3

1f(x) = e* , f'(x) = 3x2e*

2))f) = e, f'(x) = - (Vx)(e¥) =267€

4-The constant multiple rule. % (cf(x) = c% (f (%)), where f(x) is

differentiable .

Example: f(x) = 2x2, f'(x) = %(sz) = Zj—x(xz) = 2% 2x = 4x
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5-The sum rule. % (gx)+ f(x) = % (g(x)) + % (f (x)), where f(x)
and g(x) are differentiable .

Example: f(x) = e* + x2, f'(x) = 6f—x(xz) +j—x(ex) =2x+ e*

5-The difference rule. % (gx) — f(x)) = % (g(x)) — % (f(x)), where
f(x) and g(x) are differentiable .

Example: f(x) = x? —%, f'(x) = %(xz) —j_x(l) = 2x + xiz

X

6-The product rule. %((Q(X)) * (f(x))) -

= (F @) * (9(x)) + == (g(x)) * (£ (x)), where (x) and g(x) are
differentiable.

Examples:
1.f(x) = xe*,f'(x) = %(x)ex + %(ex)x = e* +e*x

2.f(x) = (2x)% * (x + €*)

d d
f'(x) = E(Zx)z(x +e*) + ﬁ(x + e*)(2x)?

= 8x(x + e*) + (1 + e*)4x?
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Derivatives of Trigonometric Functions

d . i

—(sin x) = cns r —lesc x) = —cscrent r
dx dx

9 (cos ) ' 4 (sec x)

— (cos x) = —sin x — (sec x) = sec x tan x
dx dx

d

T &1
— (tan x) = sec™x — (oot x) = —cscx
dx dx

d , .
Prove that = (sinx) = cosx:

f(x+h)—f(x) . sin(x+ h)—sin(x)
= lim
h h—0 h

f'(x) = lim

h—0

2sin (%) cos(@)
= lim A = COS X

Prove that % (cos3x) = —3sin 3x:

f(x+h)—f(x) . cos(3(x+ h))—cos(3x)
= lim
h h-0 h

f'(x) = lim
= —3sin (3x)

Find the derivative of each function:
Dfx)=3->f'(x)=0
2)fx)=x->f'(x)=1

)f(x) =x° - f'(x) = 6x°
8)f(x) = x5 > f'(x) = n5x*

5)f(x) = 2% = f'(x) = 2¥In (2)
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6)f(x) = 2% - f'(x) = 2*(In (2))(2)

() = e o f'(x) =
8)f(x)=In(x) - f'(x) = %,x > 0, because Domain(In(x)):x > 0

9)f(x) =In(ax) = f(x) =In(a) + In(x),In(a) is a constant.

1
f'(x) = X > 0.

1
10)f (x) = log,(x) = f'(x) = xin(2)" >0

1) f(x) =In(2)log,(x) = f'(x) = *In(2) = %,x >0

xin(2)

12)f(x) = sinx? > f(x) = sinx * sinx
f'(x) = sinx cosx + cos x sinx
f'(x) = 2sinx cosx

f'(x) = sin2x

13)f(x) = sinx® > f(x) = sinx = sin x?2
f'(x) = sinx (sinx?)’ + cos x sin x?
f'(x) = sinx (sinx?)' + cos x sin x?
f'(x) = sinx(2sin x cos x) + cos x sin x?

f'(x) = 3 cosx sinx?

(Page |96)




14 ()_2—secx2
)f (%) = 1+ tanx

2 — (1+tanx?)
fx) = 1+ tanx
_ (1 +tanx)(1+ tanx)
B 1+ tanx

fx)

f(x)=1+tanx

f'(x) = —secx?

15)f ) =

_ @ -&+DHA@)
- (x)?

f'(x)

-1

f(X)=()2

sec x?

1 + tan x2

16)f(x) =

f'(x) =0,secx #0

17)f(x) = In(secx + tanx)

, secx tan x + sec x?
f(x)= = secx,secx #+ tanx
secx + tanx

18)f(x) = xIn(x)

1
f1@) = @)+ (2] + (D)
f/@) =1+ (n(@)
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51000 _ q

19)Find L‘i‘iﬁ = }cl—r}} —

xlOOO _ 11000

f(.X) — xlOOO,f(l) — 11000

- =

f(x) = x1000 5 £/(x) = 1000x°%° - f'(1) = 1000

X

e
20)Find lim
x—0

-1
= f(x) =e*f(0) =1

X

SR O@

x—-0 X

fx)=e*f'(x)=¢e*f'(0)=1

@ =DET -DET-1)
2D)If }CI_IH x= 1) = 24

Find the value of n where n is an integer.
(x"— D=2 -1)
(x —1)3
(xn—l _ 1) (xn—z _ 1)

|
x—1 | ™ %=1

= lim S £(xX)=x"f' () =nx"1,
lim = - /() = X", 1 ()

ff()=n
-1 _ qn-1

=lim———— () =x""f'(®) = (n— Dx"?,

ffy=n-1
xn—Z _qn-2
= lim 1 - f(x)=x""2%f'"(x) = (n—2)x"3,

x—-1 X —

f'ly=n-2
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Therefore:

MmMn—1Mn-2) =24

n=4

22)If f(x + h) = f'(x + h),prove that f" (x) = f'(x)

tim T ZTCHD) _ ), thus: £166) = o)

) —f"(x+h)
i _h

li

h—0

= f"(x), thus: f"(x) = f'(x) = f(x)
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High Order Derivatives

Notations:

Where n is any integer greater

1)f’(x); f”(x); f”,(x),fn (x) than three.
2)y,y",y" y" ndzn>3

3)@ d?y d3y d"y
dx’ dx?’dx3’ dxm

If f(x) = sinx, show that f(x) = f®(x)
f'(x) =cosx

f"(x) = —sinx

f""(x) = —cosx

f@ @) =sinx = f(x)

3935 Wguw 45l 1o 9 cOLBW oY Sl ] wale daly)l daxiiall il LoD
Alaxsl Wl ¢SS eI OLAEN
f5(x) = cosx
fé(x) = —sinx
f7(x) = —cosx

fo(x) = sinx = f*(x)

Laadll dizge pae > (3 o8 5 (@bl Jiadl (3 LS Blixal Jass 3529 V> § 0F)
Sz S 92 31 9 Abglall Aol plail ] Zlios Cge

Example:

F) =11 gy
% SH(0) A AW Aisedl lgenis (231 (x) (o 1o

(NN = F31(0)
Aol Yl § blail e $5i5 @) 0Bl b g5 eiuw
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If f(x) =x3+x2+1find f'(x), f"(x), f" (%), f>(x).
Fr)=3x2+2x,f"(x)=6x+2,f"(x)=6,f>(x) =0

If f(x) = x™ +c,f*(x) =120 % x*=%

Find f(x),n, c, if f(1) = 1.

ff) =n(n—-1)Mn-2)(n—3)x"* =120x""*n=5
fX)=x>+c¢f(D)=1=15+c>c=0

So, f(x) = x°

2

If f(x)= x"+xand f(5) =% l!Find n, f(x)and L.

2

£(5) = n(n = 1)(n = 2)(n — 3)(n — 4)x™5 = % I

n—=5)=2->n=7

[

1—'6 = 7(7-1)(7-2)(7-3)(7-4)

'=8'-1=8

tale dliol g boladl yasais I BlExaY)
If f(x) = x*.Find f°(x), f* ().
frG) =3x% f"(x) = 6x, f""(x) = 6, f*(x) = 0.
Therefore,

If fO) = x™, fh(x) = n!, fMD(x) =0
Example:

If f(x) = x™° +x%° + x%, find f*°(x)
f£2°(x) = 100! x + 99! = 99! (100x + 1)

If f(x) = asinx —bcosx and f""'(x) = —8sinx + 7 cosx
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What is the value of: (a + b) and f(x)?

f'""(x) = —bsinx —acosx = —8sinx + 7 cosx
-b=-8->b=8, -a=7-> a=-7

(@a+b)=(8-7)=1, f(x) = —7sinx + 8cosx

If f(x) = bsinx + bcosx and

f*(x) =sinx 3 + sinx 2 cosx + sinx cos x? + cos x3
f*(x) = sinx(sinx % 4+ cos x?) + cos x(cos x* + sinx 2)
f*(x) =sinx + cosx

Therefore, b=1.

If f(x) = xe, find "' (x), f2°(x), f1%° (x)
fl(x)=e*+xe*=e*(1+x)
f'x)=e*+e*(1+x)=e*(2+x)
f"(x) =e*+e*(2+x) =e*(3+x)

f@(x) = xe* + ne*
f2%°(x) = xe* + 20e*
f100(x) = xe* + 100e*

If f(x) = sinx + cosx Find f**°(x), f139(x), f°(x), f8(x)
f'(x) = cosx —sinx

f""(x) = —cosx —sinx

f""(x) = sinx — cosx

f*(x) = sinx + cosx
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Blaiial wlye gyl S f(x) ) agas Wl 9o Jaaidl 4l LasDS

f1x) = f(x) =sinx + cosx S, a0 3W

f139(x) — f”'(x) = sinx — cos x ¢! ;& éw‘

f5(x) = f'(x) = cosx —sinx 1Sl a9 W

fB(x) =f"(x) = —cosx —sinx g, 3W
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If f(x)=e** - find: f&(x) , FA3) (x)
- f'(x) =4e*™ o f(x) =4%e*™ o f'(x) = 4%e™

Ay =AD ,4x .
fOE =4  ga Jaadl) o Baad
f(S) (X) - 45 e4x

(n) — AN p4x
FA13) () = 4113 g4x ffP(x)=4"e

If f(x)=xsinx find: fOV(x) , F192)(x)

- f'(x) = xcosx — sinx - f""(x) = 2cosx — xsinx

- f®(x) =% 4cosx + xsinx

- f"""(x) = —xcosx — 3sinx
— f®)(x) = xcosc + Ssinx - f(63_(9c)\=‘6cosx — xsinx
el e 0555 g3l Ooliiinadl O Jasds
f™(x) = ncosx — xsinx or  — (ncosx — xsinx)
Laadl § (—1)" 3929 o Wia O
f(") (x) = (—=1)™(ncosx — xsinx ) Ol

4 yailly 48 s (_1:)&: by il 325 (&I (—1)"d8e slo] o OV

- f(") (x) = (—1)(712L2>(nc0sx — xsinx)

f"(x) = (1)(2cosx — xsinx)
fF®(x) = (=1)(2cosx — xsinx) — f©(x) = (1)(2cosx — xsinx)
tdaed e 0955 Dd,8)l oliawd! o Ja>Dig

f™@(x) = nsinx + xcosx or -( nsinx + xcosx) > (—1)" J Jasd 3529 s g

f™(x) = (—1)D(nsinx + xcosx) — Mo [ f®™(x) = (—1)(nT_1)(nsinx + xcosx)}

n+2

F™(x) f[f(”) (x) = (—1)(T>(ncosx — xsinx) , whenn = even integer

n-1
f™(x) = (—1)(7) (nsinx + xcosx) , when n - odd integer

- fOV(x) = (-1)(91sinx + xcosx) - f19D(x) = (1)(102sinx + xcosx)
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If f(x) = Z—Z —4x3 > ") = % — 4 ,find the value of

aif &) =30
Sol:

1D n-D(m-2)(n) _ , _
a? —4= a?

SF(x) =

x? (60)

SF() = — 4

120x

>f® () =

120

>fO) =7

120

>F®) =30=—=
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The chain rule

lgie Bue WY> (§ Al Bueld puscind

e (e A8de I Jguo ol LIS (o audaiind d33e &o}fia}?g [1

dy_dy*du dy_dy*du*dn
dx du dx ' dx du dn dx "

-

f(gt) - f(g())g' ) E S OBl 3929 [2
g o g (*

f)=x - fl(x)dx =dx - f'(x) =1

Sl Q9o (3o dJolan]l Lg Jd>19 _pxie D99 I Lg
Mo paie o ST 3529 A>3 S

fx)=u - f'(x)dx=du

f'(x) = Z_I; (299l udys CL"U)
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If f(x)=sinx -—find f'(x)
f'(x) dx = cosbdx - f'(x) = cosx
f(x) =sinu - f'(x)dx = cosudu = f'(x) = cos (u) Z—Z
A lud! A8l e de giso Aol [1 oY
If f(x) =sinx? - find f,(x)
x?=u - 2xdx =du- Z—z=2x
f(x) =sinu - f'(x)dx =cosudu = f'(x) = cosu Z—Z = cos (x?) * 2x

If f(x) = sin3(x + sinx) find f'(x)

L u = (x+sinx) = du=dx(1+cosx) - % =14 cosx

f(x) = sindu

dn
sinu =n - ducosu =dn - T = cosu
u

f(x) =n3- f'(x)dx = 3n? dn - f'(x) = 3n?

dn
dx

Kd_“ =4, (cosu)(1 + cosx)

dx du dx

f'(x) = 3n%(cosu)(1 + cosx)

f'(x) = 3sin®u (cosu)(1 + cosx)

f'(x) = 3sin?(x + sinx) cos(x + sinx) (1 + cosx)
Or

f(x) = sin3(u) = sinu = sin®u

f'(x) dx = du(sinu)(2 sinu cosu) + du cosu + sin’u

du
f'(x) dx = 3du(sin®u cosu) —» f'(x) = Sasinz (x + sinx)cos (x + sinx)

f'(x) = 3sin?(x + sinx)cos (x + sinx)((1 + cosx))
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Now if f(x) = e9™® provethat f'(x)=g'(x)ed™

f(x) =e g(x)

du
9@ =u—dxg'(x)=du->—=g'(x)

f(x)=e*— f'(x)dx=due' > f'(x) = Tet = g'(x) eIV

Using chain rule show that if f(x)=Ing(x) » f'(x) = i’((xx))
fG)=Ing(x) > e/® = g(x)
fl0 ™ =g'(x)
g
fx) g(x) = g'(x)

/ _ 9™
fleo = Py

Using chain rule prove thatif f(x) = a9® |, a > 0,
f'(x)=g'(x) a?™ In(a)

f(x) = a9

log, f(x) = g(x)log,a

log, f(x) = g(x)

e - gx) >Inf(x) =gx)Ina

In
Con_sint /(
f' (%)

f()
f')=g'(x) f(x) Ina
f'(x) = g'(x) a?® Ina

=g'(x) Ina

(Page |108)




f fx) = secs(e3x2‘2) find f'(x)
f'(x) = 5sec*(e3*°72) x sec(e3*"~2) x tan(e3*°72) x (e3*"72) x (6x)

f'(x) = 30 x €372 sec5(e3*°2) tan(e3* 2)

If h(x) = 4+3f(10x) and f(10) = 7,f'(10) = 4
find h'(1)
3% f'(10x) * 10 (D) = 30f'(10)  30+4

alx) = 2./4+ 3f(10x) 24+ 3f(10) 2%V25

Iff(x) =\/x+\]x+\/x+\/x+—\/m findf’(x)

f) =x+f(x)
fPa) =x+f(x) = f2x) — f(x) =x
2f'(Of () — f'(x) =1

/ _ 1
') =

If f(x)=vx%+1 findf'(x)
FO) = (2 + 1)z

f'(x) =%*2x* (x2 + 1)_71
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If f(X) — eSin (1+cosx) find f’(X)

f'(x) = eSin(1+€0%) y co5(1 + cosx) * —sinx

If h(x) =J%, f(x) >0 ,h(x) =0

and h(x) = 2h'(x) find f'(x)

h(x)

h?(x)2x—x%%2 h(x)* h' (x)
h*(x)

> f@ = - 1) =

h2(x)

, h?(2+4)—4h?%(2)
- f(2) = nt2)

. 0
—)f(2)=h2—(2)=0

If f(x) = sin(e?* sinx) find f'(x)

f'(x) = cos (e** sinx)(e**cosx + 2e**sinx)
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Now f(x) = (x% + x + 1)_71 find f'(x)

d
u=x2 +x + 1> — = 2x+1
dx

fo)=us
—4 —*  du

f’(x)dx:%l*u? du —)f’(x):_?l*u?*a

-4

fl0) == *u? = (2x +1)

+ sothat > 2 [f(g(0)] = ' (9()g' @
» sothat > [(f()"] = n(f ) ()"

e Sothat > [f(g(x)"] = n(f(g(®)))" ! g'(Of (g(x))

n-1 du

or ~I[flg)t] =1 [u"]=nurt

u=f(gx)>du=f(gx))g'(x)dx

du

e ACICITHCON
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SULBY Jay) e dial [2

. d?y
m ,x = cosm, find —
dx

If y= sin?

y-om-x

: d :
— dy = 2sinm cosm dm %ﬁ= 2sinmcosm

dm -1 dy dy dm 2sinm cosm
X=COSMm > — = — - —= * = _
dx sinm dx dm dx —sinm

dy d?y d?y dm

&——2cosm _)W dx = 2sinm dm —>W:25inma
-1
= 2sinm * — = -2

sinm

L, 0r yox
y =sin®m =1—cos*m =1 — x?

y=1—x%-> y' ==2x-> y"'=-2

If y=secn n=Inf ,f>0, ?zftann

X
show that & = y3 — y
dx

y->n-f-ox

dy dn df d d dan _ 1 d
o, _ D, W _cecn tann, ==, f:ftann
dn = df  dx  dx dn af  f’ dx

1 d
secnxtann *];*f xtann = ﬁ = secn tan®n Ltanzn = sec? — 1}

ic] =secn (sec’n—1) b

Y _ yiy? —
==Y -1
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+2 dn
yre , Show that —
y-1 dx

-6 dn

T (x-2)% ’dy

-3

2 —
sy dy_ 6@ o1 dn_
dy  62(x—2)2

(y—1)2 dn  (x-2)2 3

)./

x+4

x—2

dy . dn _dx -6 . -3(x-2)%2 1
dx dy dn  (x-2)2 62 T2

tan?

If f(x)=tanx+ show that f'(x)| _, = sec*(x)

f'(x) = sec’x + sec?x tan™ 1x

f'(0)|,_; = sec’x + sec’x tan®x = sec®x(1 + tan’x) = sec*x

_ 2 .3 _ g Ay
If y=1+n° ,n>=x+3 find dxl s

y-on-x

dy*dn_dy
dx  dx

_ ay
T odx

When x =5 - n3=8 -n=2
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The implicit differentiation

dx . .
2X = 2x — Explicit

271 — ﬂ ﬂ / /
[y?] = 2y [de 2@ Ly
X Jd) 4wl y Blaisl gl
Implicit
. dy .
Find ot

_ dy _ ¢ a&x [ dy _
1] y=x él.dx—l.dx —>dx—1

1 -1
et dx 1 — dy dy dy
21 x=2v2 5> —x1=2%x—-%xy2 — > —=—= v or = =2x
] y dx 2 y dx dx y dx

2y 4 W1y, Y v
3] xy+y“=y > dx*l—ydx+xdx+2ydx
‘\
% ! ] !
y =y+xy +2yy

1

yA-—x=-2y)=y -y =

4] x=,y*-1 —>1=22%/_1 - y' = YL o

y

5] find the slop of the function y3 = x°> + 1 at the point (3,5)

, , 5x* , 5¢(3)* 27
- 3y2y =5x4 -y :; -y |(3'5):W=?

(Page | 114)




6] find the third derivative of sin x = cos y

. . COoS X
cosx = y'(—siny) - now - cosx+y'siny=0 -y’ = Sy

sinx = cosy - sin?x = cos?y - 1 — cos?x = 1 — sin?y - cos?x = sin?y

cos?x cos?x

=120 = - () =1,s0y" =+1

sin2y sin2y

y’=i1—>y”=0—>y’”=0

dy dy

)
dx%l,—g ’ dx3 x=%

7] find fory = sinx + cosx

dy .
— =COSX —SInx
dx

d2 ) d? )
—y=—smx—cosx%—y = —sin0—cos0 = -1
dx? dx?l,=¢

d3y _ d3y o s 0
_ _ _
T3 = SinX —cosx = =3 =sing —cos =

xX=
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Extra exercises

If x2 —y> =1 provethat y3y”" +1 =10

x no__

-y

>y2=x*-1-52yy =2x >y =
Now y3*y”+1=y3*;—:+1=0

Zy _ 1
x2  (1-y)3

y -2y=—x* >(-D*=1-x’

If x> + y* = 2y prove that g

1 _xz
20— Dy' = -2 L x o, —=Dxy 3 - 07D
- = - - = — — —
y y X y y—1 y (y_l)Z (y—1)2
__my+1)_ -1 . 1 —> x2+y2_2y=0

If f3(y?)=5x3+3 ,y=1whenx=1and f'(x)|,=1 =5

1

Find &y
dx (1,1)

> f'(y*) * 3f2(y?) x 2y x y' = 15x2

1
f’(1)*3f2(1)*2*1*y’=15(1)2—>y'*5*3‘i/§*2=15—>y'=§

2
If % = L\/; , (L is constant)and d—)zl = 32 find the value of L

dx
dy
- WY

y'  LxL\Jy _ L?
2y 2y 2

I?=64—L=18
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Y — xv—4 find &
5) If2Y =xy —4, find -

y' -2Y-In2=xy"+y
y -2Y -In2—-xy' =y

, y

Y =23’ln2—x

OR
2V =xy—4
In2Y =In(xy — 4)

!

Xy +y

=y -ln2- —4)—xy' =y, Il that 2¥ = xy — 4
xy—4 y' - In2-(xy—4)—xy' =y recall tha Xy

y'-In2 =

6) If f(x?—9) =x?+ax,and f'(16) = g, find a.

2x +a
2x

x°—9=16=>x*?=25=>x =145

2x - f'(x*—=9)=2x+a- f'(x*—-9) =

x=5—>f’(16)=10+a=§=>a=5

a
now f'(16) = 48

—10+a 48

x =—5- f'(16) = 9 =5:>a:—5

If sin(x +y) = y? - cosx, find f'(x)

cos(x +y)-(1+y') = —y? - sinx + cosx - 2yy’

cos(x +y) + cos(x +y) -y = —y? - sinx + 2yy' - cosx

y'(2y - cosx — cos(x + y)) = cos(x +y) + y? - sinx
_cos(x +y) +y? - sinx

Y = 2y - cosx — cos(x + y)
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."-j'r ,)
Find y', y"' for each equation.

1) Jy+vx=y

/] r__ 2 Ay
2y Vx Jy 2Vx

W 1
R

2
2) x2+yx+y7=9

!

x+%)2=9:>2(x+%)-<1+y?>=0

ORx+§=0—>y=—2x

y _ 1 _Jx*(1-x7?)
3) Jad—x?) %2 -y = x2 -

dy 2 dy 1

- = Gy —
dx x3.1=—x-2 dx x/x%— x2
dy 1

dx  yx3

4) Given the curve x? + 2y? = x, find the point(s) on this curve where the range
line has the slope 1

1-—2x
2

1-—2x
2x+2yy’=1—>2x+2y=T=> @the point y =

x?+ 2y =x
2(1-2x)
7 =x

5 1 —4x — 4x?
X<+ 1 =X

xZ
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."'j_r ,)
2x%> —2x —4x+4x*4+1=0

—bi\/bz—4ac_6i\/36—24

2 — 0>
6x 6x+1=0 a 26

the point(s) are 1) G + %) f G T %)

%GR

L’hopital Rule

We use I'hopital rule in the limits when we see any indeterminate form and stop
when the indeterminate from becomes any another value we can solve.

e L’hopital rule=> lim AC - lim M, where [x) is indeterminate form.
x— t0,ag(x)  x-+oo,ag’(x) g(x)

Ex: Find each of the following limits.

2

1) lim < =2
0

x— oo e*

lim 2 = é = 0, stop I'hopital rule at here

x—o00 e*

. x—tanx 0
2) lim =5

x—-0 x3
. 1—sec®x
im—————
x—0 3x2

—2sec?x - -tanx

= lim
x—-0 6x

—2sec*x 4+ tan? x - secx

= lim
x—0 6
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3) lim (1 +%)x =177

X—>00
X

y = lim (1+-)

a

Iny = limx-ln(1+bx

X—00
. ln(1+bi) .
Iny = lim In—52%* = 0. 00— I'hopital rule

X—00

)=0.00

X

Iny = li bx? = lim = > eb =
ny = lim 7 —>lny—11mE—>e =y

X—00
X (

e lim 1* = 1, because 1 is constant and not became from a function like the

X— 00

previous exam
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The derivative of logarithmic functions

f(x) =log,g(x), wherea >0

g’ (x)
g(x) -loga

£/ =

g (x) '(x)

whena=¢e = f'(x) ==—= 700

EX: Find the derivative of the foIIowing functions

1) f(x) =In(Inx) = f'(x) =

x-Inx

3x%+1

2) f(x)=Inx3+x = f'(x) =

x3+x

e*.cos e*

3) f(x) = Insine* = f'(x) = £
4) f(x) =Insecx +tanx = f'(x) =secx

5) f(x) =Insecx-tanx
— Insecx -Intanx

, sec? x
- f'(x) =tanx + p—

tan? x+sec? x

= f'(x) =

tan x

6) f(x) =In(Inx +e*) = f'(x) = 1+xe”

Inx+eX
X

7) f) =In(x+VxZ+1) = f'(x) = Y _ 1

x+Vx2+1  Vx241

sec?(ln x+x)-(%+1)

tan(In x+x)

8) f(x) =In(tan(Inx +x)) = f'(x) =

9) f(x)=In(x-Inx—x) = f'(x) =

x(lnx 1)
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In

Ex: If £(x) = log, g(x), and h(x) = L2 show that f'(x) = h'(x)

g G

f1(x) =m—h'(x) WONY

2x+c

Ex: If f(x) =Ing(x),and f'(x) = —.op find the value of c.
gx)=2x+6=2x+c

c=6

. . Inx
Ex: Find lim —
x—1 x—1

lim 2220 = |jy 2x—In1 f(x)=Inx,f'(x) =In1

x—>1 x—1 x->1 x—-1 !
f(x) = f(a)
X —da

1
SfE@==f =1

= lim
xX—a

Ex: Show thatif f(x) =Inax,wherea > 0, f'(x) = % (by logarithim laws)

f(x)=Ina+Inx - f'(x)=1/x

xIna is a constant

Ex: Prove that if f(x) = g(x) * I(x) * h(x) * m(x)

f'0) = g(x) = 1(x) * h(x) *m'(x) + g(x) * L(x) * h'(x) * m(x) + g(x) = I'(x) » h(x) * m(x)
+g'(x) * 1(x) * h(x) * m(x)

Inf(x) =Ing(x) + Inl(x) + Inh(x) + Inm(x)

BN OO
f (")‘<g<x>+l(x)+h(x>+m<x>

) * (g(x) * 1(x) * h(x) * m(x))

(Page |122)




)
Ex: If f(x) = x%, find f'(x).
Inf(x)=x-Inx

J;((xx)) =1+Inx-> f'(x) =x* +x* - Inx OR f'(x) = x* + Inx*".

Ex: If f(x) = x*, find f'(x)
Inf(x) =x* -Inx

[ = x—x+ (Inx +x* - Inx)

fx)  x

, XX xX X X
f'(x) = Z +Inx-x* -x*+Inx-x* -

x 1
fl(x) =x* —x<1n2x+lnx+—)
x

Ex: If x¥ = y*, find f'(x)

InxY =Iny*

+1ny> * Xy

y-lnxzx'lny=><z+y’-lnx=xy
X y

y2+y-Inx-xy=x%y' +1Iny-xy
y'(Inx-yx—x2?)=Iny-xy —y?

,_lny-xy—yz
~Inx - xy — x2

xY = y*
log, x¥ =log, y*

y=x-logyy
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y' _Iny
_xIny . lnx-;—T +lny

Y= In x oy =X In2 x Inx

, _x-lInx-y'—Iny-y Iny * xy

(In? x).xy Inx * (In? x.xy)

=%+y’-lnx:>xy’=y2+y’-lnx(xy)

, y?

=x(lnx.y+1)

y

Ex:Ifey = x — vy, find y’
Iney = In(x — y)
Z = In(x—y)
Y n(x —
y y

y—xy' 1=y
- =
y2 X—y
yi—y* -y =xy—y*+ (x—y)(xy")

y'(x? —xy —y?) =xy —2y?

X
, xy—2y? _y(x—y—y)_y<ey_y>

y:

X

2 _ gy —v2 —v) —v2 X
xEoxy =yt xGe=y)=yE Ly e
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Tangent line and normal line:

= any line in the 2D system has an equation
= line equation: y — y; = m(x — x;), where (x;, y;) is a point
= m: slope JJ!

Ay

slope= —
P Ax

slpoe= f'(x)

slope= tan 8 ,where 6 with the positive x — axis

= any two lines in space could be:
1. Parallel

= in this case m; = m,

2. Perpendicular
= in thiscasemy *m, = —1 X

Il Ly Jeodl Gl (36 Jas e $ogele s ol suy 151
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m=2=f'(x)

e Geometric meaning of f'(a) (a) e Akidall

f'(a) = m(ueleall due)

W tangent line

N /‘(‘ \k-/v normal line

e So f'(a) is the slope (m) of the tangent line at point (a,f(a))

T.L: (y-f(a))=f"(a)(x — a)
N.L: (y-f( a))—m(x— a)

-1
Remember my = —
mr

Conclusion:

y—y1=f"(x)(x—x)

Ex: find the equation of the line bellow:

™~

Y=y =m(x —x;)
The point we will take is (2,0)

Ay 1m0
The slope is 0 0.5

The equation becomes-> y=1-0.5x
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Ex2: find the equation of the tangent line and normal line of
f(x) = x?

At x=3

We need point and slope

Point -> (3,9)

Slope->6

T.L->y=6x-9

19 X
NL->—=—%
2 6

Ex3: find the equation of the t.| and n.| of:

1) x%2 4+ 2xy —y? +x = 2 at(1,2)
Here he’s giving me a point so all | have to do is to find the slope
o2 QUll-> 2x + 2xy" + 2y — 2yy' +1=0
at(1,2) >2+2y"+4—-4y"+1=0

=2

my = 7

TLiy=2Zx+—

16 2x
N.LZ_')/ =7—7

2) f(x) = = at (0.1)

X Xci
f,(x) — e“cosxt+e’sinx

cos?x
f'0)=1=mgmy = -1

T.L: y=x+1
N.L: y=1-x,
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Ex 4: write the equation of tangent of f(x) = x% +
1 that passes through the point (0,0)

Sehd o Aoyl i

the points are (1,2),(-1,2)
T.Ly > y=2x

T.L, > y=—2x
That’s why the drawing was like that
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3
Ex5: find equation of T.L to the curve y = x2 if the the tangent

is paralleltoy = 3x + 1 If L1//L2 > m1=m2

Az Of audaiades (Silge Aa8 uaing Juo 5 dass I zlios Dolaall dzs 2>
o0 52 Y Juoll dra2Yl Jg3 0 amed olot)] dadid &y Lol o gtidall Jaol!
" Jeall oy s Ul (nay ol Ulansas
Y1=y2
x% =1+ 3x
X=4
P1(4,1)
P2 (4,8)
T.L 2 y=3x-4
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2
Ex 6: if f(x) = (x — 2)3 find the equation of T.L at x=2

f@=2-2)7

2 . :
f'(0) = 5 * this is a vertical tangent

Note: the tangent line is vertical when it’s slope is COzSt' = oo

slope is +oo v.t

Note: The T.L is horizontal when its slope is zero

Slope here is zero

h.t

ex: if f(x) = 2x? at what point is T.L horizontal?

M=0
M=m
4x=0
X=0
(0,0)
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Derivative of inverse function

FF0) = x
@@ =1

Nt 1
F (x)—m

Ex1:if f(4)=5, f'(4) = g;fi"d df;alc(S)

6N = vy

1 —
f'(®)

Ex2: let f(x) = x + €%, find f~1' (1)

W) = sy ST D =0

1.5

1 —
1)

Note: don’t forget that all functions must be 1-1 to deal with inverse

0.5
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Derivative of inverse trigonometric functions

sin"x/cos™ x /tan"tx /cot™lx /cscix /secTlx

Ex:ify = sin"lx , findy'

gl (o O8I ogSae 2401 OF (L9 V) dsus- Joms pgls Bguw

y =sin"1x
Siny=x
cosy=* y' =1

11

y = cosy  V1-x2
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but what if instead of x there was g(x)

> f(x) = sin}(g(x)), find ' (x)

G(x) and x are the same so instead of x we multiply by the derivative of
g(x)

/ g' (%)
X) = ——
f(x) e

Ex: if f(x) = csc™1(g(x)) , find f'(x)

/ -g' (%)
x) =
f1 g(x)*/g%(x)-1

Ex: find 4y of:
dx

y = —
1—4x2

2) y =tan"'vx

. 1
y = 2(1+x2)Vx

3) y = cos~1(e¥)

X
] —e

Y = Vice=

4) y =+cos™1x

/ -1

y = 2V1—-x2vcos 1x

5) y = cos I(sin"1 x)
~1
(1-x2)(1—(sin~1 x)2

y'=3
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6) y = 2(sin"1 3x)°

, _ 36(sin"13x)°

V1-9x2

tan_1(1+h)—%

Ex: evaluate lim
h-0

0.5 is the answer

Linear approximation and differentials

We know that equation of T.L is given by:
y—y1 =m(x —xq)
In other words ->y = f(a) + f'(a)(x — a)
=» The equation above is the equation of linear approximation

(SSpaz Jud o o)l ey sus a (1 1w
JIgadl § oWl auall 92 x (2

Ex: V4.1 a=4,x=4.1

$lolly Alloniunls BUiLad Ay dus 5 08 sl 92 Guyldl S (e gl
DY e S G5 oyatd] Abaal 5ae o ol dais Lo Y1 daldl 90
oyl 90 Lgaiue AT 61 (10 ASH ($31 G ad! rall O CBymy LIS dall
By Slidas dol 9 Jasdl
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Ex: find linearization of

1) f(x) =+Vx+3 ata=1

2) f(x) =sinxata=0

L(x) = x
3) Y=In(x+1) at a=0

L(x) = x

Ex2: using linear approximation find the value of the following

1) V17
A=17,x=16
L(x)=4+1/8
=4.125

2) V41

L(x)=2.025
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EX: using linear approximation, find the value of the following:

1) V17

v' We want to approximate f(x) = VX atx=17to get approximated

value of f(17) =17

v’ Following the linearization:

fG) =1(x) =fa) + f(a)(x —a)

Note: that we need values for a and x, the obvious thing that

x=17 to get V17 And (a) must be a value near 17 and we know
it’s value and the closer it is to 17 the accurate the answer will

be so a=16.

Where, a=16 and x at 17 (x = 17) Using the calculator

f(a) =vV16 =4 will give us answer
/ d (\/E) 1 1 near our answer
f'x) = = -
g 2;/_—16 approximation
So, f(17) =17 = 4 + 17;16

;f’(a) == which is a good
X
Then, f(x) =l(x) =4+ -
~ 4125

2) V4.1

v We want to approximate f(x) = v/x at x=4.1 to get approximated

value of f(4.1) =+/4.1.

v’ Following the linearization:
f(x) =+vx,a=4and x at 4.1

d
Fry =200

L F@=2 ) =2
2\/§,fa_4’fa_

I(x) =2+5=, f(41) = [(41) = VAT =2.025
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T yve

v" We want to approximate f(x) = Vx at x=63 to get approximated
value of f(63) = /63.

v" Following the linearization:
f(x) =3x,a = 64 and x at 63

oy AR 1
===

X% £(63) ~ 1(63) ~ Y63 =~

48

1
£1(@) =55 f(@) =4

I(x) =4+

4) In (1.02)

v" We want to approximate f(x) = In (x) at x=1.02 to get
approximated value of f(1.02) = In(1.02).

v Following the linearization:
f(x) =1In(1.02),a = 1land x at 1.02

d(l 1
f’(x)=$=;,f'(a)=1,f(a)=o

I(x) = x—1,£(1.02) =~ [(1.02) =~ In (1.02) = 0.02

5) ¢~0.015
f(x)=e*,a=0xat—0.015 and f'(x) =e”,
f@=1and f'(a) =1
Then, f(x) = l(x) =1 —xso, f(—0.015) = 0.985

(Page | 137)




6) sin (599)

f(x) =sin(x),a = 60° and x at59°and f'(x) = cos(X), f(a) =

E and f'(a) = 0.5

x—60° T

50,f(59°) =2 — I

Then, f(x) = l(x) = — + v
Note:

angels in degree are not real numbers so we can’t use them in our
calculations then a and x must be in radians not in degrees:

angelyqaians = 180° (angeldegree)

So, new angels in radian will be like this:
V[
— o
a =60 1800
/3

= 590
* 1800

om
*Ta="1800

Home work: approximate the following!

1) (1.999)* 2) cos (28°)

Ans,
\/3 T

1) 16-0.032 2) +—
180
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Differentials (dx,dy ):

vV Ax =x, —x; =dx

v f'00 = sody = dx f'(x)

EX1: f(x) = x%, Ax =5 find dx and dy :

dx =x,—x; =5

dy =dx f'(x) = 5(2x) = 10x

EX2: f(x) = e%1* ,x; =0,dx =0.1 find x; and dy :

dx =x, —x; =0.1,x, =0.1

dy = dx f'(x) = 0.1(0.1e%1%) = 0.01e°%1¥

Hyperbolic functions:

v Hyperbolic functions are functions that has same qualities as
trigonometric functions and, in this section, we will have functions
that are made from exponential functions.
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Notes:

1) Sinhx=sin
hyperbolic of x and
coshx= cosin
hyperbolic of x
...etc.

Remember sinhx
and coshx and you
can derive the other
functions just like
trigonometry

where:

sinhx

tanhx =
coshx

EX: evaluate :

1) Sinh(0)=

We know from above table that sinh(x) =

0_,-0 _
sinh(0)= £ Ze = 121 =0

2) Cosh(In2)
eln2 4 p—in2 2 4 ean‘1 205

cosh(x) = > = > >

5
4
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sinh(x)

domain is domain is domain is

R R R

range is

range is R
. [1,00)

range is R

it has H.Ass
aty=1

sinh(—x) = —sinh(X) , so it'san odd function
cosh(—x) = cosh(X) ,so it'san even function
cosh(x)? — sinh(X)? =1
1 — tanh(x)? = sech(X)?,try to prove it
sinh(X + y) = cosh(y) sinh(X) + cosh(X) sinh (y)
cosh(X + y) = cosh(y) cosh(X) + sinh(X) sinh (y)
cosh(X) + sinh(X) = e*
cosh(X) — sinh(X) = e™*

Proving the third identity:

eX+e™*
2

eX—e™*
2

v' cosh(x) =
v sinh(x) =

e*+e™™* e*—e™™*
cosh*(x) = cosh*(x) = (———)* = (———)°

e’ +2+e™

N 4 4 4
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EX: given that cosh(X) = % and x > 0, find sinh(X)?

Using the identity:
cosh(x)? — sinh(X)? =1
By substitution:

= — sinh(X)? = 1 then sinh(X) = > Butsinh(X) = —2 is ignored as x>0

EX: given that tanh(X) = _?3 , find sinh(X) and cosh(X)?

Using the identity:
1 — tanh(x)? = sech(X)?
By substitution:

1-— 2—95 = sech(X)? then sech(X)? = so cosh(X)= i% but

cosh (x)2'

cosh(X)=—% is ignored as cosh(X) always positive

For sinhx we know that:
cosh(x)? —sinh(X)? =1

25 nmh(X)? =1
16 sinh(X)“ =

Then:

sinh(X) = i% but Z is ignored as tanh(X) is negative and cosh(X)is positive so,

sinh(X) = cosh(X)tanh(X) = (+)(-) = —
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f(X) f'(X)
sinh(x) cosh(x)

h nh
Canho) sech )
coth(x) —csch?(x)
sech(x) —sech(x)tanh(x)
csch(x) —csch (X)coth(x)

o Note:

Chain rule is applicable here for each hyperbolic function like any other
function for example:

g e G
Seih il

d(sinf;ff(X)) = cosh(g (X)) .g'(X)

EX: find f'(X) of the following:

1) f(X) = cosh (Vx)

1
f’(X) = smh(\/}) ﬁ

2) f(X) = sinh (cosh(2x))
f'(X) = 2 cosh(cosh (2x)) .sinh (2x)
3) f(X) = In(tanh(x))

_ sech (x)?
~ tanh (x)

1)
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4) f(X) = cosh(X) .e*
f'(X) = cosh(X) .e* + sinh(x) .e*

5) f(X) — ecosh(3x)

f'(x) = 3sinh(3x).ec°sh 3%)

EX: evaluate the following limits:

1) lim sinh(X)
X—>00

e
lim sinh(X) = lim

X—00 X— 00

2) lim cosh (X)
X—>00

. - e*+e”
lim cosh(X) = lim

X—00 X—00 2

Divide on e*to
get rid of

oo . .
— situation
[ee]

(Page | 144)




4) lim tanh (X)

X—>—00

xl_1>moo tanh(X) = xl_}m e s e L e
a;ﬁé&:\ am:\ﬁd.\.\iu
o eT¥—e* o el
lim ———— = lim — = -1

x»oe X 4+ eX x-o0 e7X

Inverse of Hyperbolic Functions

sinh™1(x) = In(x +/x% + 1)
cosh™1(x) = ln(x +Vxz —1)

1+x
tanh™1(x) = —ln( x)

x+1
1)

1
coth™1(x) = —ln(

1+W)

sech™1(x) = In( S
1 \/1 + x2

csch™1(x) = ln(—

proof:

X —-X YV_p-Y

. e —e e e .
y = sinhx = S0 X = — for the inverse
Jgaally &35 ) Ladal
and 2x = eY — e™Y multiplying by e” we get : @ a3l 5 odle
5 a5 J Y LAY
2xeY =e? —1 ,noticethat: (e”.e? = e = 1) S e ks

Rearrange the equation to quadric form:

0=e? —2xeY —1 andletr = e” so we can end up with oney
by general law or completing the square method if you want that method:

Since e¥ > 0 always and

x < 2+x%2+1,s0we
take the + term.
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) sl

—b+Vb2—4ac
2a

O=r?—2xr—1,r= then:

2x +./4(x*+1)
r= 5 =x+2Jx%2+1

r=eY =x+ 2Vvx? + 1 by In for each side:

y = Sinh_l(X) = ln(x + 2‘/x2 + 1)

e @2, STl Gz LY Ayl (o.g_éig\ oglraxl Jol> o sy )l *
Ol

EX: find sinh~1(2):

sinh™1(x) = In(x + Vx% + 1) at x=2 we get: sinh~1(2) = In(2 + V5)

EX: find (sinh™1(x))": Jsaal Jaxi 7
wety) lsidial

d(sinh™(x)) B d(In(x + Vx2 + 1)) B 1+ 2\/xzzx—_|_1 B
dx - dx x4V +1

d(sinh™*(x)) _ (x+Vx2+1) 1

dx VK F 1 +x2+1) VaZ+1

(sinh‘l(x))’ =
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f(X)

sinh™1(x)

cosh™1(x)
tanh™1(x), coth™1(x)

sech™1(x)

csch™1(x)

EX: find 4y of:
dx

1) y = sinh™1(2x)

dy 2

de J@x?+1
2) y = (tanh™1(Vx))*

1
2Vx(1 - x)

dy _
= 4(tanh™(Vx))?

3) y =In (cosh™1(x))
1

d_y _ _Vx? -1
dx cosh™1(x)

4) y = tanh™1(sin(x))

dy  cos(x)  cos(x)
dx  1-sin(x)? cos (x)?

= sec (x)
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CHAPTER ‘4’

égplications

of Differentiation




Maximum and minimum values

mintroduction if we have the function

f(x) = x3 —3x, if we graph f(x)

We see that f (1) is less than
the other values of f(x) when x
approach to (1)

And f(—1) is bigger than the other values of f(x) when x approach
to(—1) so what the name of f(1), f(—1)

f(1) — minimum Now because {1,-1} are on the domain =R

f(—=1) - maximum So, we say that are local

f(1) - Local Minimum

f(—1) - Local Maximum

ow if f(x) = (x — 2)(x — 3) = the graphis

Now f(2.5) is the least value of f(x)on the
domain

So f(2.5) is absolute minimum and Local Value

) Jaesd Jallgy e

o) Byslomall el (30 JBT LY
By il Jlaeall J5-1s (g
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Now if we have f(x) = x + 2 on[—2,5]
A
7+ Now f(—2) —is absolute minimum value

/ (Not Local because it’s end point pf the close interval)

G ,@_J

v
f(5) — is absolute Maximum value ( not Local like f(—2) )

Now if we have f(x) =x?—-1 , on1) [-1,5] ,2) [-5,5]
24

e o € B S
f(5) - Local = absolute

1]Now Maximum——

LD - Loc;(l Sdallhe Cowdd @l ey Jogs BILYI
oo g € 3lae Db

Minimum = f(0) — Local >absolute

—>
f(5) = i

: S aa &8 O s

2]JNow Maximum —— absolute Aalle 1 (ye

L, f(=5)

Minimum = f(0) — Local >absolute
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1] Definition: let ¢ be a number in the Domail of f(x)

Then f(c) is:

m Absolute Maximum value of f on D if f(c) = f(x)

forall Xin D (&8 Jlxall 843 3 9all ngwgiyjﬁi)

m Absolute Minimum value of f on Dif f(x) = f(c)

forall Xin D (el Jloxall 88 3 yguall puoz S5l o1 (yo J3T)

Example: If f(x) = V—x2 + 1 find the absolute Max and minimum
values

f(x) -1 (0) is the greatest values of f(x) on D

(Lo L= oy &ylia SY))
So f(0) - Absolute Maximum and Local

f(=1) ] are the least values of f(x) on D
f( so, f(1),f(—1) —are absolute Minimum
2] Definition: The number f(c) is a

* Local Maximum Value of f if f(c) = f(x) when f(x) is near c
Or dg> (yor dylan ST Sl
* Local minimum value of f if f(x) = f(c) When f(x) is near c
do> Loy dyylan yaseYl S

Example: if f(x) = —x3 + x, find the Maximum Local Values

fe) *graph\ = SF(2) = 003 W om Blae 8

1\ I 1\ >f (%) -> Max Local Value
1 2

approach
Sf (_?1) = f(x) I o> oy &)lie deid 31 S (_71) - Min Local Value
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Find the absolute Max &Minimum values and Local

Max & Minimum values for each function:

1) f(x) = cosx
X € [-41, 4]

absolute max — f(0), f(2m), f (—2m) —and Local
L f(4m), f(—4m)
absolute min — f(m), f(3m), f(—m), f(—3m) — and Local

2)x* — 2x?

—absolute min - f(—1), f(1) —and Local
Local Max — f(0)

absolute Max — {__}

3)f(x) = 2x3 — 3x?

absoulte max — f(2)
absolute min - f(—1)
Local Max — f(0)
Local Min £ (1)
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*Note| 1] Maximum and minimum values must be real numbers

2] If f(x)->D->[a,b] iff (a), f(b) aren’t absolute values we ignores
them.

3] The extrme values theorem: if f is continuous on a closed interval [a,b] then
f attains an absolute Maximum value f(c¢) and an absolute minimum value
f(d) at some numbers c, d on [a,b]

>f(b) - absolute maximum

- f(c) - absolute minimum

v v
f(c) — absolute Max f(c) — absolute Max
f(d) - absolute Min f(b) - absolute Min

4 :

L.

| 12
{ f(x) = continuos at [1,2] — {1}
f (x) = continuos at (0,2) f(x) > has minimum value >f(2) = 0

has no absolute Max & Min f(x) = hasn’t maximum value
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4] fermat’s theorem : if f has a Local Maximum or minimum at c and f'(¢)
exists , then f'(c) = 0

/’j Local max - f(0) ->f'(c) existsso f'(0) = 0

Local Max f(—2), f(1), f(3), f(5)
£'(=2),f' (1), f'(3),f'(5) exists

SO

f'E2. /MG f(5) =0
Local min f(=1), f(2), f(4)
f'=1,F'(2), f'(4) exists so
ff{EO@f'® =0

[ Sf'(x) = 3x2
/
7__/ f'(0) = 0> but f'(0) isn’t local max & min

So f'(0) means that f(x) has a horizantal

tangent at x=0 instead of having a max or
min Local values

5] Definition : a critical number of a function f is a number c in the Domin of f
such the either f'(c)=0 or

f'(c) does not exist , >(c, f(c)) critical point
If f(x) = |x|on>[-1,1] >

Critical number:
f'(c) Dosenotexist>x=1,-1,0

fl©)=0-{}

If f(x) =x?,DER
Critical number M

f'f(x)=0->f'"(x) =2x=0->x=0 or f'(x) — Does not exist > { }
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6] if f hasa Local Maximum or Minimum at c, then ciis a critical number of f
Example:

fe) - e |

‘ f(—2) = Local minimum, -2 is a critical number

f(2) = Local Maximum, 2 is a critical number

f(a), f(c) = Local Man —a, c are critical numbers

f(x) -

f(b), f(D) — Local Max — b, D are critical numbers

7] The close interval method : to find the absolute maximum and minimum
values of a continuos function f on a closed

Interval [a, b ]

1) find the values of f at the critical numbers of f in (a,b)

2) find the values of f at the endpoint of the interval(f (a) and f(b))

3) The Largest of the values from step 1 and 2 is the absolute maximum value,

the smallest of these value is the absolute minimum value.

3

2
Example : if f(x) = x? + 5% + 6x,0n[-4,4], find the absolute
min & max values

Solution:

1] Critical numbers at (—4,4), f'(xX) = 0> f'(x) =x*+5x + 6
- f'x)=0->x=-2,-3 , f'(x)doesnotexist> { }
f(2) = —4.667 , f(=3) = —4.5

2] f(—4)=-5333 , f(4)=85.333

- Largest value - f(4) - absolute max - 85.33

->smallist value-> f(—4)-> absolute min - —5.333
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Extra exercises:
1] If f(x) = V1 —x? on [_71 , %] , show that f(x) attains absolute
Max & min values

Solution:

: . -1 1
using extreme value theorem - f(x)-> continuous on [7 , 5] and

differentable on (_?1 , %)

then thereare f(c),f(d) ,where f(c) — absolute max

f(d) - absolute min
[_1 l]
on 2’2

2] If f(x) = x3 —x,[-3,3],, show that f(x) attains absolute
Max & min values

Solution:

using extreme value theorem = f(x)-> continuous on [—-3, 3] and
differentable on (=3, 3)

then thereare f(c),f(d) ,where f(c) — absolute max

d) — absolute min
on|[—3, 3] /(@)

3] If f(x) = Vx% + 1 and f(x) has Local min at x=0
Where f'(0) exist, show that f'(0) = 0
Solution:

Using fermat’s theorem = f has local min at x=0 and f'(0) exist

—>then f'(0) =0
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tanx

4] let f(x) = —,on which of the following intervals can we use

the extreme value theorem

+(0,m)> A becaues 1) The interval is not closed 2) f(x) has discontinuity x=g

x(0, m]> XK becaues 1) The interval is not closed 2) f(x) has discontinuity x=g

%(0,m)> A becaues 1) f(x) has discontinuity x=g

¥(1,2)> A becaues The interval is not closed
(1, 2]> A becaues The interval is not closed

*[1, 2]> V' becaues 1) The interval is closed 2) f(x) has continuous on the interval

5] If f'(x) has 3 roots in (1,9), show that f(x) has at least max &
minLocalif f'(2) =4, ff4)=—-4, f(5)=1

- f'(x) has 3 rootsin (1,9) = f'(x) = 0, for 3 values on(1,9)

Now f'(2) =4,f'(4) = -4
It means there are

@ f'(©)=0o0n (2,4)
4 Sof'(x) >+—->0- —

In [2, 4] - max value
f'(4)=—-4,and, f'(5) =1
It there are f'(d) on (4,5)

f'(d) =0 sof(x) > —-

- min value

So f(x) has at least min and max Local values
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If f(x) =x3—3x,on[-2, 2] find the critical points
f'(x) = 3x% — 3, 0on(-2,2) how critical number

-2 f'(x) =0 or f'(x) dose not exist
ff(x)=0-3x2-3->x=+1

f'(x) does not exist » x = +2

Critical point > { (1, f(1)), (=1, f(=1)), (2, f(2)), (=2, f(=2)) }
2>1{(1,-2),(-1,-4),(2,2),(-2,-2)}

If f(x) =V1—x2 on [-1, 0) find the critical number

f'(x) = \/1___3;2 > f'(x)=0-> —x=0-x=0,butOis notinclude on
the

intervalso f'(x) # 0

<
f'(x) does not exist > x = +1 —» +1 is not on the

interval
Sox =-1
Now critical numberis —1

Critical pointis (—1,f(—=1)) » (-1, 0)

So f(—1) is absolute max
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Ex: If f(x) = sinx + cos x on [0. 2x], find:

1) Critical numbers.

2) Critical points.

3) Local max & min.

4) Absolute max & min.

now = f'(x) = cosx + sinx on (0, 2m)

. : 5
critical numbers 2 f'(x) = 0 - sinx = cosx = x = %,TH
- f'(x) doesn’t exist > x = 0, 27

1) Critical numbers are {0,%,%, Zn}

2) Critical points {(O,f(O)), (%,f (%)) , (%,f (%”)) , (zn,f(zﬂ))}
{01, (ZV2),(Z,~2), @2 1)}

.—

& -
+H++++++ 4+

3) f'(x) =
51

f (T) = —/2 > local min
f (%) = 1/2 = local max

4) min-> f(0)=1,f (%n) = —/2s0f (%n) is absolute min
max = f (%) =2, f2r)=1sof (%) is absolute max
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Ex: If f(x) = x? + ;, Domain = R — {0}.

- 2_

fO)=2x+= - f1(x) ===

f'(x) D.N.E —» x = 0 butit’s not included on the domain so f’(x) exists.
ff(x)=0-2x2-2=0->x=+1

now

f'x) -

no absolute max & min

local min = f(1) =3

If f(x) is a polynomial of the nth degree, where (n > 1) show that f(x)
has at most n + 1 critical numbers at [a, b].

and at least 3 critical numbers when n — even

and at least 2 critical numbers when n - odd

*Explain f(x) = x3 — x% > f'(x) = 3x* — 2x
f(x) is a polynomial of the 3"¢ degree

so f'(x) is a polynomial of the 2™ degree, so f'(x) hat at most 2 roots, so f'(x) on
(a, b) has at most 4 critical numbers: 1) 2 roots of f'(x)

2)2-> f'(x) D.N.E

S Ulgan ] iy Jlia*
f'(x) is a polynomial of the (n — 1) degree?

so f'(x) has at most n — 1 roots on (a, b) and f'(x) has 2 critical numbers > f'(x)
does not existat x = q, b.

so, the most number of critical numbers=n—-1+2=n+1

f'(x) is a polynomial of n — 1 degree.
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e Whenn —-odd,n—1 — even e Whenn — even,n—1 — odd
So f'(x) has at least no roots So f'(x) has at least 1 root
And 2 critical numbers - a, b And 2 critical numbers = a, b

So, the least number of critical
numbers=24+0 = 2

So, the least number of critical
numbers=2+1 =3

>
If f(x) = {[2 _:_ 2] 0>x=-3 find critical numbers of f(x) when

>0
f'(x) D.N.E ¥

( —1 —2>x>-3

0 —1>x=>-2

f(x) = 1 0>x=>-1
| 2 x=0
k2+x2 x>0

(0 —2>x>-3
0 —1>x>-2

f’(x)—! 0 0>x=>-1
2x x>0
\DNE x ={0,—1,-2,-3}

so critical numbers of f(x) when f'(x) does not exist are {0, —1, —2, —3}

1
If f(x) = , find critical numbers

>1

x <1
f'(x) = x>6
D.N.E x=1

Critical numbers: 1) f'(x) =0 - (1,00) &x =0
2) f'(x) does notexist > x = 1

so that critical numbers = [1, o) U {0}.

3
If f(x) = x5 - (4 — x), find critical numbers of f(x).
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(x—4) = x5+ Sl

5-x5

-2
5

3
f'(x) = —x§+§-x

= e S f () =0-12-8x=0-x="

5-x5 5-x5
> f'(x) does not exist > x =0

Critical numbers =

absolute values > f (S) - max

f(0) = local min

3
f (E) - local max

If f(x) = (x? — 5)3 find critical numbers and absolute max & min
values.

ffx)=6x-(x2=52%>f'(x)=0->6x=0-x=0,x>2-5=0->x=+V5
= f'(x) does not exist - { }

< - f(0) — absolute min and local

If f(x) = x* - Inx, find critical umbers, x > 0.
f(x) =x72+2x-lnx =0

x+2x-Inx=0->x(1+2lnx)=0
x#0 1+2Inx=0

1
Inx =—-
2
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If f(x) = |16 — x?2|, find critical numbers >

x?2 4>x>=>—-4-|x| <4

16 —
fo) = {xz — 16 |x| > 4

—2X 4>x>—4
f’(x)={ 2x x>4,x <-4
D.N.E x =-—4,4

ffx)=0-x=0
f'(x) does not exist > x = 4, —4

Critical numbers = {—4,0,4}.

Find the absolute max of f(x) = 4 - sinh x on the interval [In 3 ,1n 4].

1
f'(x) =4-coshx = 4-5(83‘ +e™)

f1(x) = 0 5pSes 22

f'(x) does not exist > x =1n3,In4

ng __——— ha -> absolute max - f(In4)

=
T+ 4 :2.(eln4+e—1n4)

= 2-(eln4+elni)
254

—X

The local maximum value of the function f(x) = x3 - e
>f(x)=x3—e*4+e*-3x2=0-e*-x2(3—x)=0
x=0 x=3

- f'(x) does not exist > ;Ses pé

_ 27 _ 97,
/E/i\'- _ - localmax > f(3) = == 27

e

+ + + + + + + + + +
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If g(x) =asinx —cosax ,x € [0,37“],61

if g(x) has a critical number at x = %, the find k.

s

*g(x) — has critical number at x = % and g’ (3) exists so g’ (g) =0

_ T T . am
g'(x) =acoshx +asinax - g’ (§) = cosz = —sin—

T I
cosg— sm6

Sketch the graph of f(x) such that f(x) is continuous at [0, 6], and f(x)
has absolute max at x = 5, absolute minat x = 1, local maxat x = 2

and local min at x = 4.
o0 Qe Y due oy oS

lge Jadd Buslg odag | ABYI
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The Mean Value Theorem (M.V.T)

We will discuss many results of this chapter depend on one central fact which is

M.V.T

But to arrive at this M.V.T we first need to talk about:

Rolle’s Theorem

If f(x) is continuous on [a, b] and differentiable on (a, b), f(a) = f(b) then there is
a number that ¢ € (a, b),

suchthat f'(c) =0

Casel

£\

/

We notice that in all cases f(x) is:

1) Continuous
2) Differentiable

3) Has 1 number at least that f'(c) = 0
4) f(a) = f(b) b oo L%
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Ex: Can we say that in the following graph of function that there are 3

numbers that satisfies Rolle’s theorem (f'(c) = 0)??
- f(x) 1) f(x) cont. on [a, b]

2) f(x) diff. on (a, b)

3) f(a) = f(b)

m f(x) satisfies Rolle’s theorem

Ex: Find c that satisfies Rolle’s theorem on f(x) = 5 — 12x + 3x2 on
[1,3].

1) f(x) cont. 2) () is diff. 3) f(1) = f(3) = —4
flle)=0

fl(x)=—-12+6x, f'(x)=0

6x =12 > x =2 So,atc=2-f'(c)=0

Mean Value Theorem (M.V.T)

If f(x) is continuous on [a, b] and differentiable on (a, b), then thereis ¢ € (a, b), so

that
' __ fb)-f(a) ,
ol dee f1(€) = = —— bl dse

SRRV E T PR o)
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Pm 1) f(x) is cont.

)
| f\j 2) F(x) is diff.
B L —
—__TT 1 3YE 06858 dho Caalby Cuzls a, b o o Loy (o Aal*
N[0 -f@
Ax b—a

tem ab Wl Jao ol (peleall Jao) oie ddiiall sue (§ 0550 7 4l & lal Sou*

doxy ) ol (elaadl Jao) €5, € i diuall bl asDlo*

Baclall el 09 (303 Jsoll udd pg)l g ab a3 (Sl

o _ [~ f(@)
fle) =—>—

Ex: Find c that satisfies M.V.T for:

1) f(x) =x3—2x0n[0,2]
- f(x)iscont.on[0,2] > p, (0,0),p, (2,0)
- f(x)isdiff.on (0, 2)

oy _fD) — f@
fr(e) =———

_f@) - f(0)

(3x2_1)|x=c_ 2_0

6—0
32 _1=—_—
¢ 2

2, ——= 5 xoutside the interval [0,2]

2 — 2
3c —8—>c—\/§, NE 5
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2) f(x) =v25—x2o0n[-5,3]
- f(x)iscont. > p; (=5,0),p, (3,V4)
- f(x) is diff.

f3) - f(=5)
3—-5

f'le) =

-2c _4-0
2425 — ¢2 8

V25 —c¢c?2=-2c

25 — c? = 4¢?

25 =5¢c2 5 ¢c=+V5

V25 —c¢%2=-2c
VB > V20 = V20 VB 5 V20 # V=20

so, the answerisatc = —/5

Ex: If f(0) = =3, f'(x) < 5, how large can f(2) possible be??

a) f(2) =7
b) f(2) <7
o) f(2)=7
d) f(2) =0

e) can’t be found
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In this type of question, we must use M.V.T

Y1 8,00l Caud il Aate 58 gl oline 1igd Land! plel dS)de diiaall sl Lo
g2 Bl o3 3!

frx) =121 p1(0,-3) / p2 (2(2)

fl(x) <5

f(b)-f(a)
b—a

f(Z)——3 S 5
2-0

f(2) < 5 so the max value of f(2) =7

<5

Ex: find the value of c that satisfies the M.V.T

52
x2+1’

1) fo) = [0,2]

F is cont -> f is differentiable

_f@2)-f(0)
- 2-0

f'(©)
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4
2 2 1)— 2*2 -—1 . .
XOTHDTXT2Y 57 then we substitute c instead of x
(x2+1)2 2

c’24+20c+1=0

—20+v396

cl,c2 =

2) f(x) ==, [L3]HW
Ansc = +V/3

3) f(x) = (x—3)7%,[1,4]
Not continuous on [1,4] because of 3

So we cant use M.V.T because it doesn’t satisfy its terms

Increasing & decreasing

+++ ¥t

+
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We can say that if f'(x) > 0, f is increasing

f'(x) <0, f is decreasing

To find the interval of increasing & decreasing we must :

f(x) = f'(x) =» f'(x) =0 - c.n - slaedl las e 8yLadl dulys

We take the signs of increasing and decreasing from f'(x)

Ex: find critical numbers and interval of increasing and
decreasing and maximum and minimum values of:

f(x) =3x*—4x3—12x% + 4
fl(x) =12x3 —12x% —24x =0
c.n=0,-1,-2
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so fis increasing from (-1,0) U (2,o=) , and f is decreasing from

(_oo’_]_) U (0,2)

Olal (3llas M8 | d>gide Ol A & O byl OlSI (SJg Lo vl o ud oI rddasDle

) YN E Ll Jis>b ke Y Glgdl 2d Al lglazs O haidy cleled Jazdy Sl
el

Note:

-If the differential of f changes from + to — then f has a local max. at ¢
-If the differential of f changes from - to + then f has a local min. at ¢
So at the previous example we had:

1) Local max at x=0 (not abs)
2) Local min at x=-1,2

2) f(x) =In(x*+x+ 1) on[-1,1]

f') =

2x+1
xZ4+x+1

Zeros of numerator and denominator

c.n at x=-0.5 _\/+

| | |
1 05 1

Fis increasing from (-0.5,1) and decreasing from (-1,-0.5)

Also, we have local min. absolute at x=0.5
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3) f(x) = x3 — 3x?
f'(x)=3x*—6x=0

c.n ->x=0,2

fis increasing from (-o0,0)U(2,°0)
fis decreasing from (0,2)

f has local max at x=0, and local min x=2

4) f(x) = cosx,[0,2m]

f'(x) = —sinx = 0, x=0,m,2m,3m,
U378 29> ol o) (0 92 Lagy Lo S
Fis increasing from (m,2m)

F is decreasing from (0,m)

F has local min (abs) at x=m

5) g(x)= x+2sinx , [0,2m]

g x)=14+cosx =0

2T 4T
Cosx=-0.5 , X=? ,?

F increase from (O,Z?H)U(%n, 21)

2w 4T
Decrease from (?,?)

F has local min at x=4mr/3

And local max at x=2m/3
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Concavity ( y=aJ1)

Definition: if the graph of ‘f’ lies above all of its tangents on an interval,
then it’s called concave upward, if the graph of ‘f’ lies below all of its
tangents it’s called concave downward.

In another meaning if f''(x) > 0 - concave upward
f"(x) < 0 - concave downward
This is called concavity test
Steps f(x) = f'(x) = f"(x) = f"(x) = 0 Ll e 5yLad dulys
-inflection point: it’s a point that f(x) changes from concave upward

To concave downward, vice versa.

(a) is an inflection point

Ex: find interval of concavity and inflection points of following
functions:
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Df(x) =x3—3x>—9x + 4
f'(x) =3x*—6x—9
fl(x)=6x—6

f(x) concaves upward (1,o°)
f(x) concaves downward (-==,1)

f(x) has an infliction point at: (1,f(1)): (1,-7)

2)f(x) =3x* —4x3 —12x% + 2
fl(x) = 12x3 — 12x% — 24x

f'O) =36x2—24x—24=0
3x%2 —2x —2 =0, a=3, b=-2, c=-2.

—(=2) £ V(=2 - 403)(=2)

2—28
6

)

U (

2—/28 2—2
6 ' 6

f(x) concaves upward (-oo,

2—v2
6
—V28

f(x) concaves downward (

. . +
Infliction points at: x=2‘m
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Examples:
Find:

a) Interval of increasing and decreasing.
b) Local max and min values.
c) Interval of concavity.

1—f(x) = x* — 4x3
fl(x) =4x3—12x2 =0 > 4x*(x—3) =0
x =00R x =3 - Critical Numbers

(0,f(0)) and (3,f(3)) — Critical Points

T~

3

fis increasing in the interval (3, o)
fis decreasing in the interval (-=<,3)

Local min at (3, f (3))

f"(x) = 12x% — 24x1 = 0 > 12x(x-2) =0

x=00Rx=2

2—f(x) =sinx+ cosx, 0<x<2m

T 51
f'(x) = cosx — sinx,sinx = cosx,x = s — Critical Numbers

X
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. L : 5
fis increasing in the interval (O, %) U(TE,ZT[)
: L : 5
f is decreasing in the interval (%,Tn)

Critical points at: (%,f(%)), (%n,f(%n))

" . . 3m 7
f (x) = —COSX — SInx,sInx = —COSX,Xx = T'T

NN N
. -

I i
— — ZTT
4 4

f concaves downward in the interval (O, %n) U(%,Zn)

. . 3m 7T
f concaves upward in the interval (T’T)

Infliction points: (%n, f(%)) ) (%' f(%))

(Page | 177)




The Second Derivative Test

Al ditined! sl

Suppose f’(x) is continuous near c.

a) If f(x)=0 and f”’(x)>0, then f has local maximum at c.
b) If f(x)=0 and f”’(x)<0, then f has local minimum at c.

Local Maximum

\O//o\

Local Minimum

Example:
Using second derivative test, find all local extremes for:
f(x) =sinx + cosx,x € [0,2m]

_ m 5w
f'(x) =cosx —sinx,x = s

f""(x) = —sinx — cosx

f G) = —/2 <0 ,local maxat x = G)

Y4

5
f" (%T) =2 > 0,local minat x = (T)

The graphs of f(x), f'(x) and f”’(x).
If:
F(x) is increasing, f'(x) will be positive.

F(x) is decreasing, f'(x) will be negative.
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Also, if:
F(x) concaves up, f”’(x) will be positive.

F(x) concaves down, f"’(x) will be negative.

Finally, if:
F’(x) is increasing, f"’(x) will be positive and f(x) will concave up.

F’(x) is decreasing, f’(x) will be negative and f(x) will concave down.

Example:

fx) = x?

f'(x) increases on (0, o)
f'(x) decreases on (-==,0)

f””(x) is positive everywhere.

f'(x) =2x

When f'(x) is above x-axis, f(x) is increasing.

When f'(x) is below x-axis, f(x) is decreasing.

f'(x) is increasing on R, thus f"’(x) is positive on R.
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') =2

When f"’(x) is above x-axis, f'(x) is increasing.

When f’(x) is below x-axis, f'(x) is decreasing.

Since f"’(x) is positive on R, f(x) concaves up on R.

If the graph shown is the f'(x) graph,
Find:
a) Intervals of increasing and decreasing f(x).

2b) Intervals when f(x) concaves up and concave down.

c) Critical points.

a) f(x) is increasing when f'(x) > 0: R\[-2,2]

b) f(x) concaves up when f’(x) is positive AND when f'(x) is increasing.
[0,4)

f(x) concaves down when f”’(x) is negative AND when f'(x) is decreasing.
(_4r0]

c)f’'(x) =0 at x = +2 AND when f'(x) D.N.E, at x =+4

If f(x):

f(x) is increasing on: [0,1] U [2,3] U [4,5]

f(x) is decreasing on: [1,2] U [3,4]

f(x) concave down when f’(x) is negative, when f’(x) is decreasing :
13 5 7 9

f(x) concave up when f”’(x) is positive, when f'(x) is increasing :

1 3 5 7 9
0,21V 5,51V L]
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If f(x):
1)f(x)

Local max at f(1) =1
Local min at f(2) =-1
No absolute max.

Absolute min f(5)=-2

2)f'(x) J o

15 4

Infliction point (1.5,f(1.5))—>(1.5,0)

f(x) concave up when f”’(x) is positive, when f'(x) is increasing :

If f(x) has 2 critical points at x=1,3.

And the graph of f’(x) is:
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What is the value of f(1) and f(3)?

By second derivative test:

f” (1) is negative, thus f(1) is a max value.
f” (1) is positive, thus f(1) is a min value.
f(x)is increasing on R/ [1,3]

f(x)is decreasing on [1,3]

The graph shown is f'(x) where f(x) is continuous at [0,5]
a) Intervals of increasing and decreasing f(x).
b) Intervals when f(x) concave up and concave down.

c) Critical points.

a) f(x) is increasing when f’(x) > 0: [1,4]

f(x) is decreasing when f'(x) < 0: [0,1] U[4,5]
b) f(x) concaves up AND when f'(x) is increasing. [0,3)
f(x) concaves down when f’(x) is decreasing. (3,5]

Infliction point: (3, f(3)).

c)f'(x) =0at x=1,4 AND when f’(x) D.N.E, at x =0,3,5
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CHAPTER ‘5’

The Integration




The Antiderivative

Aial) oS

Definition: a function F called an antiderivative of f on an interval | if :

Fi(x) = f(x) of all x in |

5 x3  x3 x3 1 x3
Let Take that f(x) = x*, So F(x) maybe F(x) =5 or= + 2 or Pl +

So, we can say that the antiderivative of f(x) is F(x) +c
F(x) 2 f(x) 2 f'(x) Slaxal
F(x) € f(x) € f7(x) Jo&S

) 55>9 9l Yl Jd OBV el 06 g1 Dol p Aattuall GogSna (S iy *
(oS!

JoSl 56 dokio oyl *

Colil ¢a Oilaiindl OluwgSao (o @yall *

d(t 1 = 1
dx an x_1+x2

Ex: find f if f1(x) = e* + 20(1 + x?)~! and f(0)=-2

f(x) dsol S (s 9 Bshas al S

(Jo831) 5,5V 9l Bl i CaS Jusl (sud
f(x)=e*+20tan"tx +c

finding c by f(0)=-2

1+0+c=-2

C=-3

So f(x) =e*+20tan"tx —3

If F(x) = c1 X sinx + ¢z cosx , an antiderivative of f(x) = x cosx
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Evaluate 3ci+5¢;

Sol F(x) =2 f(x)

f(x) © lslely F(X) gl Susd
F(x)= f(x)

C1 X COSX + C1SiNX — C2 SiNX = X COSX
vare OMelaadl (S9luy

C1x cosx = x cosx so c1=1
Ci1 sinx- ¢z sinx =0

C;1 sinx= ¢z sinx

Ci=c>=1

-2 3c1+5c,=8

Sdzeall o8l JoBII (3193 7 43 79 Joll Dolgy e gty oyl sld (9 (a9
ddxall afg

Definite integral:

d9deal| Jo &
f: f (x) dx = area under the curve of f(x) on the interval [a,b]

b - upper limit a—>lower limit

properties (uasbasJl)
1 [ f (x) dx=0

2 [} f () dx=- [} f (x) dx

30, f@ydx= [ f () dx +f] f (x) dx

4" (fo0+900)dx= [0 f () dx+ [ g (x)dx

5 [cf (x)dx=cf, f (x) dx
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Integration of circle:
x+y?=r2 D> y = +\/r2 —x2
+ Sole aal

- L}Lg_w ad

Ex : evaluate the following integrals

»

1. f_22v4 —x%dx

[ dx=area =%nr2 = %n(4) =2m

»

2.f02\/4 —x2dx

Area=-~mr2=—1(4) = 1
4 4

\/_
3. f_;vz —x%dx

Area = %nrz = %n(ﬁ)z =1

a. [P —x2 dx
0

fdx=Area=_—1nr2=_—1n(9) =-2q
4 4 4

slaeYl dad daad i (€15 Al dalise 22 g Y

Remark : f:f(x) dx = facf(x) dx + fcbf(x) dx

Ex:if [, f(x)dx=17, [ f(x)dx =12find [, f(x)dx

[,” dx> 83010

[ feydx=f) fx)ydx+ [ f(x) dx

=-12+17=5
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Ex : write the integration in one integration

[Z,FG dx+ [} f(x)dx- [ f(x) dx

Sol:-

5 fG)dx- [7 fo)dx > [°, f(x) dx+ [ f(x) dx
>[°, f(x) dx

Indefinite integral : (3945w il JoS31) Lol aslgd
Rules of integration

1.f k.dx = kx+c

n+1

2.[x"dx="—+¢

n+1

3. —dx = Inlx +k|+c
x+K

__ (ax+p)"*?
o (n+1)a

4.[ (ax + b)" dx

1 Inlax+b
1] dx =2 | +c
ax+b a

eax+b

6.f e®*Pdx = —+c

X

7.faxdx=1a—+c

na

8. sinhxdx = coshx +c

9.] coshxdx = sinhx +c

1

dx =tan 1x + ¢
1+4x2

10.

11.. [ \/1___1xzdx =cos tx+c

(Page | 187)




12f dx =sin"'x + ¢

[ f(x) dx Ans
Sec?x tanx+c
secxtanx Secx+c
2x -cotx+c
cscxcotx -CSCX+C

Ex: 1. [ (10x4—xl2+ 3{/§+7)dx

1
[10x* dx- [ —dx + [ Vxdx+ [ 7dx
4
= 25+ 142 x5+ 7x4cC
x 4

2. [e®* + (x + 2)(2x + 1)]dx

82x+1 + 2x3 + 5x2 + 2 +
2 p Ty TexrTe

3f cosXx

sin?x

[ cotxcscxdx =—cscx+c

4.1+ tan? x dx = [ sec? x dx=tanx+c

6./

sinhx+coshx

. e
sinhx + coshx =

ZX
f—dx—2x+C
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2
7)f 1+cos“x dx

1-sin?x

2
[ 28X dx = [ sec?x + 1 dx~"tanx + x + ¢

cos?x
8) fol(zx 4+ )3 +V1 —x2dx S g

(2x+y)* {1

1
22 lota”

y4—

9) [ 10k

x4—1
X -1
X-Dx2+ 1)

1 ~1
= fxz—_l_ldx =tan "x+¢c¢
10) f_zllxl dx

0 2 X2 XZ 3
—xd dx=——+—-=2
j X x+j0x X 2+2 >

-1

/3 sinx+sinx tan’x

11) f, dx

sec2x

w3 , _sin’x
sinx cos?x + sinx —— cos?x dx
0 cos2x

/3
j sinx cos?x + sin3x dx

/3
f sinx (cos?x + sin?x)dx
0

/3 1
f sinx dx = —cosx = —
0 2
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= sin"Yx + cor —cos”

_1 X
= tan 1;+C

15)f(x)= sinx ,0<x <m/2
CoSX ,T/2 Sx<m

- VA

find [ f(x)dx

_ (/2 T

Jo " sinxdx + [, cosx dx

"—cosx+sinx=1—-1=0

16) fosn/z | sin x| dx

T 3m/2
j sinx dx + f —sinx dx
0 T

—cosx+cosx=2+1=3

17)f01(x10 + 10%) dx

11 X
X 10* _ x 10 1
___I_ " — ( f— ) o

11 In10 11 In10 In10

1 sinh3x+tanh™ 1 x—sec?x

18) J, 2e%—Zx+2

dt

sinh3x+tanh™! x—sec?x_ 1 o-;
1
2e¥—v2x+7

1

X 9

11 In10
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Integral of symmetric functions:

Df(x)is odd (f(=x) = —f(x))

jaf(x)dx = 0 (odd)
| reax 2) ryis even (1(-0) = r)

fjlf(x)dx = Zjoaf(x)dx

* Evaluate the following:

1 jl S = =
)_1x x—4—

a
or x3isodd so f f(x)dx =0

1 cosx
cosx
2) f j — dx =0
Sins x | Sin®x

3) f_sl sinmx dx = f_ll sinmx dx + ff sinmx dx

—costx 2
0+ = —
T T

4)[" x"*3dx :if niseven thenx™?3 =odd so [ x"3dx =0
-7 -1

if nis odd thenn + 3 = even then x™*3

T T zn.n+4—
f x"3dx = 2] x"H3dx =
- 0 n+4

= even

5)f_66(x3 + 1)V36 — x3 dx
6 6
1
j x3\/36—x2dx+f V36 —x2dx = 0+4+-.6%nm=18n
-6 -6

2
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* ax3 + 2ax + 3x*dx, f(0) = 2
find a*

a a a
f(x) =j ax3dx+f 2ax dx+f 3x%dx
—-a —-a

—-a

odd + odd + even

a
f(x)=0+0+2f 3x%dx

0

flx) = 6.%3: 2a3

f(0) =2
2 =2a3

a=1

Fundemental Theorem of Calculus

part 1:if f(x)is continuous and

v(t)
glx) = f(t)dt then:
u(t)

9o = F(r(0)) v' () = f(u(), u/ (x)
By, daiiadl by, UlBI e ke o8I dgd> iy JoS S e ol BYI oS 13
390 Mol
ex: find g'(x) of :
1) g@) = [ sec(t) dt ~ f(x) = sec(?)

g'(x) = sec(x*).4x3 —sec(1).0
g'(x) = 4x3sec(x?)
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o= JoB dad Cull 0gud JoBII Dgu> 5B 13
2)g(x) = [2 1+ c2dt

sintx

g'(x) =v1+4.0—+1+ sin?x.cosx
= —cosx .V1 + sinx

3)g(x) = fj; tan~1t dt

tan~!'e*.e* —tan~1Vx.1/2Vx

tan~1+/x

2Vx

e*tan~1eX

tanx
4) g(x) = j 3vu?+1du

g'(x) = Vtan?x + 1 .sec?x — 0
= /sec?x.sec?x
= sec?x./sectx

= 3\/ sec8x
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X _ 2 tZ =
Ex: if f(x) = j (1 - t*)e" dt on what interval
0 f is increasing?

f'(0) =0

(1-x2)e*’.1-0=0

(1—x2)e* =0

x=1x=-1

ans: (—1,1)or[—1,1], (both correct)

* 1 2 5 3
jl (782 —3t%)dt
y find the inflection points of f(x)
Exiff(x):f f’(x)=lx4—5x3
1 4 3
f'"(x)=x3—-5x2=0
x=0,x=5
only inflection point at x = 5 = (5, f(5))
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Area

We can calculate the area of regular shapes, such as:

B g
A=B*C A=1/2 * g* h *sin® A=1/2 (B+C)h

if B=C it’s a square

©: angle in radians
A=6r?/2, circle—» 6=2n

A=2nr?/2 = r?

Now for irregular shapes how we calculate the area??

If we have f(x)=x on [0,4], [1,4]

Then A=1/2*4*4 =8

If we integrate x on [0,4] what we get?

4 4
fo x dx =x2/4] =8 it’s the same area
0
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Let'stryon[1,4] — ”

A=A1+A2

=2¥3%343%1=2
2 2

A=A1+A2 -A2

=*4*4 -~ *1%1=15/2
2 2

How if we integzate x on [1,4] what we get??

ffx dx =x*/2 ] =15/2 ,we get the area
1

So, Is integration = area all of time?
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Area =1/2*3*3=9/2
—_—

f_03f(x) dx = f_03(—x —3)dx = f_03 —(x+3)dx = —(x+3)2/212 =-9/2 in this case
0

J,f(sdx) = area F(x)

Then if f(x) 20 om [a, b]

Then f:f(x)dx = the area

And if f(x)< 0 on [a, b]

Then f;f(x) dx = —area

How if f(x) graph is:
Then f;lf(x)l dx =77

e e o = o ==
T e - ———

b
f fx)dx|=?7?

Area =??
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1) area = al+a2+a3

) |2 Feey dx | = |[E G0 dx + [ F G0 dx + [P FG0 dx | =
|A1 — A2 + A3

3) [UIf(x) dx| =77

then [71f(x) dx| = [Sf(x)dx + [(—f(x)dx + [, f(x)dx = AL +
— —A2+A3 = A1+ A2 + 43

So, we see that—>f;|f(x)| dx = the area

| f; f(x) dx | = the absolute value of the integrate (aluall 5 b V)

If f(x)=x?-1, the area of [-1,1] =??

Area|x? —1|—>[1,1]

1
=1 1x? —1ldx = [ —(x? —1)dx=xx/3] =2/3-(-2/3)=4/3

1

-

-a
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Find the value of b that make f_aaf(x)dx = %f_bbg(x)dx ?
[ fdx =3[, gx)dx

n/2 a’ =% (/2 b?)
b=V2 a

/N

-a b

Then f_baf(x)dx =77, m1=m2=m3=m
jaf(x)dx =727
s J° fdx == [° If @)

1) f_baf(x)dxz f_oaf(x)dx+ foaf(x)dx+fff(x)dx=m—m+m=m

2) j_l;—f(x)dx= f_(;—f(x)dx+ La—f(x)dx+Lb—f(x)dx

=-m+m-—-m=-—-m

3)f_aaf(x)dx = f_oaf(x)dx + foaf(x)dx =m-m=0

a) [* foydx = m, [° |f(o)ldx =
2 1FGOldx + [E1FOldx + [1f (O)ldx
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Now f_baf(x)dx = 3m/3 , where 3m =§ f_balf(x)l dx

True

_ — 21 (2
If f(x)=2 C, and g(x)=-x*+C?, C>0 1> mi1=C/3
Find the value of C?

—

¢ — (2 _ 424, —
J,2Cdx — [ C*— x*dx=C/3
=2C2-C3-C3/3=C/3
> 4C%-4C=C — > 4C-4C*+C=0

> C(4C%4C+1) =0

v v

C=0X 2C-1=0
C=1/2

If f(x)=x> and g(x)=x, then the area between f(x) and g(x) on [0,1]=?

| M
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*u.u\)ﬁ‘)!\ O 3)};4;.4&\ aalidl
(ol Y s sladl ) Y1)l - *

1 1
fol xdx — fol x? d);l = xz/él0 -x3/3 =%-1/3=1/6

* oyl 2 O1BY) sacld

If f(x) is piecewise function:

Then find:
1)f, f(x)dx
2) [, f(x)dx
3) J, f(x)dx
4) [ f(x)dx
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1) foz f(x)dx—» the area of the triangle 2 kH o *2*2=1
2

2) f:f(x)dx — the area of the half circle QH m/2%12 =m/2

3) fff(x)dx — the area of triangle ZAH -1/2%2*2=-2
2

8 [ fdx > [Pf(dx +[] f(x)dx =m/4+1/2

! !
1\ Semicircle

1
n/4*12

*: o) 8y sacld
F(x)on [0,2] - »axtb > a=->=-tan a =1, f(x)=x+b , f(2)=0—» f(x)=2-x

F(x) on [1,4]—» (y-h)? +(x-s)%=r?

(s,h) —» the center

(3,0 —»y? +(x-3)=1 > y=+/1 — (x —3)2=+/—8 — x"2 + 6

F(x) On [4,6] — f(x) =2|x — 5| — 2

F(X) = 2-x , 2>x>0
Vv1—-3—x , 4>x22
2|lx = 5| =2 , 6>x24
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Integration By substitution

If we have f(x)=C+V1 + x2 — > df(x)/dx =x/V1 + x2 by using chain rule
So, f(x) =c+h(g(x))

af(x) _ dh(g(x)) dg(x)
dx dx T odx

So

D g 0G0
dx dx

F(x)=h(g(x)) +c

[ == dx=V1+x% +c—»bytrying f(x)=V1 +x2 +c

So how we can evaluate these integrations??

1) if u=g(x) is differentiable function whose range is an interval | and f is
continuous on |, then

df(g(x)) dg(x)
f dx = dx dx =f(

u)+c

Example: if f(x)=3/2 V1 + x2  » L8 =3x/2VT+1?)
So [3x/(2v1+ x2) dx=3/2V1 + x? +c
Now [ 3x/(2V1+ x?) dx

d(1+x?) _

2x, soif u=1+x?
dx

Then du=2x dx

ul/

3/2 [ 2x/(3V1+ x2)dx =3/4f du/(Vu) =% [u/?du =722 *3/4 +c = 3/2
ul/24c=3/2V1+x2 + ¢

XNt
fx”dx = —— +c,n#1
n+1
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| If f(x)=2x sin(x2+4) , find [ f(x)dx ?

ff(x)dx = jsin(icz + lf) 2xdx

u du

So u=x%+4 then du=2x dx

= [ sinu du =-cos u +c = -cos(x*+4)+c

If % = 1/x Inx then f(x)?

af(x) .~ _
o X =1

=f§lnx dx

So u=Inx then du=dx/x

_ (Inx)?
2

F(x)=f%lnx dx= [udu=u*+c +c
If d2f(x)/dx? =6x? dx then f(x)??

fdzf(x) _df(x)
dx?2 —  dx

=[ 6x? dx=§x3+c1=2x3+c1

4
F(x)=f%") dx = [2x3 + cldx =S+ clx +c2

* oy gilly JalSiall 341 AWl
L) i8Y) aa) dEide dsa g

53 92 9w PRI Lgﬂ\ u\‘)ﬁﬁY\ Ul g
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Evaluate each integration
1.f n(inx) dx =2 u=In(Inx) 2> du=——dx
xInx xInx

2 2
fuduzu?+c=m+c

2.e5m*+3 cosxdx u = sinx + 3>du =dxcosx = [ e*du =e* +
C = esinx+3 +C

3.f sin(x + cos x)(—1 + sin x) dx = u=x+cosx

du — (1-sinx)dx = [ — siny du =cosu+c = cos(x+sinx)+c

4. [ tanx sec®x dx = | tanx secx secx dx or [ tanx sec?x dx

u? tanx? secx?
u=tanx 2> sec?x dx = [ udu =—tc=——+c=——+c

5. [ tan'®x + tan?°x dx = [ tan'®x (1 + tan®x)dx =
[ tan'®x sec?x dx
19

19
U=tanx = du = sec?x dx= [ u'8du = 1;—9+ c=—p—+c¢

x+1

6fx—+1 —dx%u——% dx——fuduz—u?2+(f=

_—1("—“) +C

2 X

7. (x% +2)(x® + 6x)% 2> u=x> + 6x du=3x% + 6 dx

2 3 3 3
=/ 3(xs+2)dxu2 =§fu2du=u?+c=(x +36x) +c
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Note: [ f'(x)dx = f(x) +¢

J (fF)g()) dx = f()g(x) + ¢
d

l)fxex+ex dx = | (xa[ex] +ex%[x]>dx = [ (xe®) dx

=xe*+c
2)[ (Inx + Ddx= [ lnx%[x] +x%[lnx] dx = [ (xInx) dx =

xlnx +c¢

3) [(x(secx)? + tanx)dx = ij—x [tanx] + tanxdi [x] dx =

[ (xtanx)'dx = xtanx + c

2l JoSHI ¢y Jaul JoS e gl gl oyl I B3gall Josd &1 Al

[ x2"=2(ax™ + b)R dx , R,n real numbers

Suchas [ x3(x% + 1)*> u=x2? + 1> du = 2x dx

6 5

1 1 ub u
[sx*utdu=s[-D@Hdu=5+5+c

_x2+16+x2+15
12 10

+c

[x75(x3 4+ 2x)8dx = [ x3(x? + 2)% dx u=x? + 2 du =2x dx

1 2089 — (1¢, _ 2 3. _ (P+2)10 (x*+2)°
fzx (u)du—fz(u 2)u“du = ” T tc

[x(x®+3x2+3x+1)7dx = [x((x+1)3)7dx = [ x*(x* + 1)?' dx

u22

23
U=x+1 - du=dx= [ u?d, = [ (u— 1)4**du = 7';—3 - +c=

x+1)23  (x+1)?2
23 22

+ c.
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af ) _d9t) g sy

If f(x)=In|g(x)| + ¢ —> — —

Then f%ﬁcx) dx =fdi—ix) .1/g(x)dx =In g(x) +c

29 1/g(x)dx=Inlg(x)] + ¢

xz
|7 + 1|+c =In |x2 + 2|+c

—+1
2

secx+tanx )secx
f( ) dx =In|sec x + tan x|+c
secx+tanx

x34+x2%+2 x3 x2+2
Je dix = dx + [ dx
x%+2x2 x%+2x2 x%+2x2

1
=[o—dx+ [dx=- [T dx+ [ dx

=1/2 In|x? + 1| -1/x +c

2x% cosx?+1 2x cosx?+41/x )
[———— x=f—/ dx =In|sinx? + Inx]| +c

x(sin x2+In x) sin x2+In x

1 12

1 *
[x=d —fﬂﬂl)d f” dx=2In|vx + 1| + ¢

2x

2Xx . x4 _ 1
fsm—z(x H1—x* fSln_ZxZ dx —Inlsm X |+C

2x J_+ o
fsinh—lxm f —dx = 2In|sinh™ x| +c
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Ex: Evaluate the following integration:

1. [eS™sin2x + 2sinx cosx dx

25" sinx cosx + 2sinx cosx dx —
u = sinx,
du = dxcosx

=[2e*u + 2e¥du =2 [ e*u + udu > ue* - uet +e*

2 f(ue“)du = 2ue + ¢ = 2sinx e5"™¥ + ¢

e* —e™™ e*—e™

RE— - - - — x -x

2.] oshx dx fex__l_e_xdx 2Inle* +e™*| + ¢
2

3.f 5'sin5t dt = 1/1n5 [ 5% In 5 sin5t dt = — [cosSt]

cos5t
= +c

ll’lg

f1+4dx—f —dx > u=x* > du = 2xdx

1 1 1 1
—f du=—tan‘1u+c=§tan‘1x2+c

2) 1+u? 2
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f 1 —sinx
") cosx(1 — sinx)

6j1+tanxd _ft i )d I n+
N T e = an( )x— ncos(4 X)

+c

sinx
7. > dx
coSx + cos“x
sinx

> tanx secx
_ Cos“X s—dx = | ——————dx =Insecx+1+¢
COSX  COS2x secx + 1

Ccos%x = cos?x

sin2x
8. j dx
coSx + cos?x

25inx cosx 2sinx
=j dx=j—dx=—21n|1+cosx|+c
cosx + cos?x 1+ cosx
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subtitution Rule for Definite

if g'is continuous in [a,b]land f is continuous on the range of g(x)

b
= then | f'(9(0)g'@dx = fGfrom g(a)eo g(b)

3

if f(x)= j 6x(x? + 1)?dx then f(x) =?

0

3
f(x) =f 6x (x% + P?dx » u = x>+ 1,du = 2xdx
0

x->3u-32+1-10

10
x—>0,u—>02+1—>1=f 3u?du = u® =999
1

if f(x)= jlxzsinnx3 dx then f(x) =?

-1

u= mx3,du = 3nx? dx,

Vi
—sinudu = —(— =0
f_n3n5mu u 37r( cosu)
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Evaluate each integral

VA
1.] e%*dx - u = cosx » du = —sinxdx
0

1
f —etdu=el—e™1

-1

2
Z.felln—xdx—>u=1nx—>du=ldx
X X

e
[t
udu = =
1 2

3.0 Y—dx =" ;dxzf_ll " x

-1 x+x° 1 x%2(1+x78) 1+x~8
u=1+x2%->du=-8x"dx

2—11d _0
, 8 u U=

dx =cos 11 —cos1—-1

S|
4.] i
_1’V1—x2

In10
5. .f cschx dx
1

ns5
In10 In10 2eX
=f —— f > dx,u =e* - du = dxe*
1 1

X
ns5 ns5 e 1
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102—-2u 2u __rlo 2(1-uw)
t _fs (u-1)(u+1)

uz-1  u2-1

ff’(x)f(x)n‘1 a— f(x)?ndx - Area

jf’(X)f(X)”‘lx/a —(f)M?dx »u=f)" - du=nf(x)"f'(x)

1/n V1 —u2du - circles

1 1
jx3\/1—x8dx—>j x3yJ1 — x¥dx —»u=x*—> du = 4x3
0 0
1 i
j\/l—uzduz—
0

16

2 2
f 2x+/ 1 — x*dx - j 2xvV1 —x2%dx - u = x?% > du = 2xdx
-2

-2

4
j 1—u?du=0
4

dx - u? = x - 2udu = dx = dx = 2udu

T
jﬁ sinvx
o Vx

T
fZ 2u sinu du
O u

T
4

= f 2sinudu = —2cosu = 2 — V2
0
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