TEQNIUQUES OF INTEGRATION
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7.1 Integration by parts

Note: (u.v)! = udv + vdu

Do Libine

fudv = [(u.v)! = [vdu
Integ .
fudv —u.v— [vdu -
(int. by parts 0$)

Blaial Jgw 0B lso ud! yo,80 L)
a8 yads o181 Hlse dvd) (o,80 L

Ex: find :
1) [ xe* dx

u=x dv = e*dx
)

du =dx «r—v=e*

=u.v— [vdu
= xe* — [e*dx

=xe* —e*+c¢
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2) [ xsinx dx
u=x dv = sinx dx
du =dx «—r— V= —Ccosx

= —xcosx — [ —cosx dx

= —xcosx + sinx + ¢

3) [x Inx dx

u=Inx dv = xdx

Jgww 48l Inx J) JoST jii be olice In x = ueodsd
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4) [xtan"1(x) dx

u=Xx —o wrong

u=tan 1x dv = xdx
dx\%\A xz
du = s V==
1+x 2
2 _ 1 0 x2+1-1
=tan lx —=
2 2 1+x2
2 2
X -1 x“+1 -1
==—tan " x — - ( ) X
2 2 [f x2+1 x2+1 ]
x2

5) x%2e?* dx — by parts 2 times or Tables Method

Method 1 : Method 2 : Jals;
u = x?2 dv = e?* dx ekt e2*
du = 2xdx v = % x? Tr—— ?
x;ezx — [ xe**dx — (one more by parts) jx :\:\’ %
u=x dv = e**dx 0 \K%

2x
X X e

=—e*—Ze*+—+¢
2 2 4
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6) f x3sin3x dx — tables

u dv
x3 sin 3x
3y 2 }EKA cos3x
6x RA _ 3
sin3x
6 K T 9
0 c0S3x
é\ 7
sin3x x3 x? 6x 6
31 —?COSBx+?51n3x+ﬁc053x—asm3x+c

7) [ x°e*dx — try it

8) x°Inx dx

u=Inx dv = x°dx
dx\%\‘ x6

du=— <« [—  p==
X 6

x® x5
==—Inx — [—dx
6 6

6

x® x
==—lnx—-—=+¢
6 36
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9 [ eV¥dx — If we subs.\/x by z it turns into int. by parts

z =+/x
dx
dz _ﬁ
—>[ e%.2Vx dz
[e?.2zdz
u =2z dv = e?dz

du =2dz <— v =e”*
= 2ze? — [ 2e?dz — 2ze? —2e“ +c

= 2/xeV* —2eV* + ¢
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mnlﬂn@
10) [———— dx ——simportant!
z=Inx
dz = % —xx = xdz
sin"!z X£.dz
= X

[sinTlzdz 7?7 — 30 13k oSy parts d>l juim og

sin~1z —»ddy o A5 oﬁg S d8laiil

1-z2
1 _ VA
= zsin"! z fmd
o2gaill
t=1-—2z*
dt = -2z dz
. (A2 —edt
= zsin"!z ft.

1
o t 2
=zsin"tz+ [— dt
1

— S cin—1 tz
= zsin Z+Z/2/+C
=Inx sin"!(Inx) +V1—2z2+¢
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Ex:1) j e*sinx dx — 45V ddylall Joo g piae Slygs (P8l Bl Lol

\J

1

u=-e” \iv = sinx dx

du = e*dx « - r—_*v = —cosx
I =—e*cosx + [ e* cosx dx
\)

one more parts
u=e* \%\fzcosxdx
du = e*dx <+—=*7v = sinx

I = —e*cosx + e*sinx — [ e*sinx dx

l
T

I = e*(sinx — cosx) — I
21 = e*(sinx — cosx)
I = %ex(sinx — cosx) +c¢

2) [ e**cos3x dx — try it
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3) [cos(Inx) dx ——

z=Inx ., [cosz.x.dz
/dzz; [e?coszdz ——» a1y by Jle eSS udds
x = e’
(In x)?
4) |03

dx
z=Inx —>x=ez,d2=7

f;—z.)é.dz

fez—zzzdz - [e™%%2.z%.dz

u dv
ZZ e—Zz
27 }E:\\A—e_zz
2 \R 2
0 " e—Zz
\ﬁ :
N, e—Zz
8

(Page | 9)




&

5) ftan‘1 (%) dx

Method 1: z = i — parts

Method 2 : parts:

M. 2:
dt _1( _u
dx an u)_u2+1
(1 —dx
u = tan (—) , du=—3— —
X X
1+ x?2

dv=dx »dv =x

4,1 fxdx
=xtan —+

X x2+1

1 1
=xtan " '—+4+=In |x*+ 1| +¢
x 2

du =

x2+1
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6) fidx

A/10" \
J

x10™*dx u=x,dv=10""*

7) j x(tan x)?dx

T
u=x dv = (tanx)? - (secx)? — 1
2
8) jx§ Inx dx
N
u=Inx dv = x3

* More problems :

evaluate :

a) fcos(lnx) dx — 5 z=Inx oS skl

2
b)f y sinh(y)dy »u =y,v = sinh(y) dy Jo8J| 394> i3 Y
0
xo2X
C**)fmdx — u:xezx,dvzm—wrlck

e 3350 Y Jlgew ol il (T %
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(secx)3, (tanx)?, (sinx)>

j (sinx)"dx or f (cosx)dx
n = odd
ex: j (sinx)3dx
jsinx(l — (cosx)?)dx
Z = COSX
n = even

ex: j(sinx)zdx — Olalalb eliylaig el

f%(l — cos(2x))dx

= cos(2x)

=1 — 2(sinx)?
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x In General:

J(sinx)"x dx =1

(g8laisl duaS ogd SN Il Lghaton CIlae ae
JoBI Jagud Lgio gl
u = (sinx)" 1! dv = sinx dx

du = (n — 1)(sinx)" 2cosxdx«—=v = —cosx

I = —cosx (sinx)™* + J (n — 1)(cosx)?(sinx)" 2dx

I = —cosx (sinx)™ ! + (n — 1) J (1 — (sinx)?)(sinx)" 2dx

I = —cosx (sinx)™ ! + (n — 1) f (sinx)""2dx — (n — 1) f (sinx)"d
I = —cosx (sinx)™ ! + (n — 1) J (sinx)" 2 dx — In + I

n—1
I = —cosx (sinx)"1 + Tj(sinx)"‘zdx — General formula
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for (cosx)"same steps

* J (secx)?dx
n = even
ex: j(secx)6dx - J(l + (tanx)?)?(secx)*dx

Z = tanx

n = odd
ex: j(secx)zdx — sol.is formula

In General:

[(secx)™dx =1

u = (secx)" 2 — dv = (secx)?dx
du = (n — 2)(secx)" 3.secx tanx dx

du = (n — 2)(secx)™ ?tanx dx 4—;23—\‘ v = tanx

I = tanx (secx)" 2 — J(n — 2)(secx)™ 2, (tanx)?dx
I = tanx (secx)" 2 — (n—2)(I — j(secx)""zdx)
I = tanx (secx)" 2 —In+ 21 + (n — 2) J(secx)"‘2 dx

(n — 1)I = tanx (secx)™ % + (n — 2) f(secx)"‘2 dx

—~—
Il

1 n—2
1 tanx (secx)™ % + mj(secx)""zdx - whasd) cod
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* J(secx)de » formula J Glasd di,b qgdl ladd dliwl el
1 3
formula —— tanx (secx)® + Zj(secxfdx
formula
. t e > [1 t + . j d ] +
2 anx (secx) e anx secx > secx dx|+ ¢
In [secx + tanx|

* j (tanx)™ dx
In General dgw
J (tanx)™ dx

= j (tan x)""2 (tanx)?dx

= f(tanx)"‘z((secx)z — 1) dx

= j (tanx)™ % (secx)? dx — j (tanx)™ %dx

(tanx)" 1

j (tanx)™ 2dx
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* J (tanx)®dx
J(tanx)‘*((sec x)? —1)dx

f (tanx)*(secx)? — j (tanx)*dx

| l

Z = tanx formula
JoBI JEal (and gzliss ) Olislaiell aorlie syl o (3
Ex: jsian cos4x dx

1)sin(a + b) = sinacosb + cosasinb
2)sin(a — b) = sinacosb —cosasinb
3)cos(a + b) = cosacosb —sinasinb

4)cos(a — b) = cosacosb + sinasinb

1
14+2 sinacosbhb = 5 (sin(a + b) + sin(a — b))
1
3+ 4 cosacosh = > (cos(a + b) + cos(a — b))

1
4 —3 sinasinb = > (cos(a — b) — cos(a + b))

Sl Jol ol #
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* J sin 3x cos 4x dx

1
= Ej(sin 7x — sinx) dx

_1—cos7x+ N
—2[ Z cosx]+c

_—cos7x+cosx N
-7 14 2 ¢

* f cos5xcosd4x dx —tryit

7.2 Trigonometric integrals

j(sin x)" (cosx)™ dx

Case 1 :

if misoddornisodd

Ex: j(sinx)‘*(cosx)5 dx
f (sinx)*(cosx)*cosx dx

j(sinx)“(l — (sinx)?)?cosx dx

Z = COSXx
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Case 2 :

if nand m are both even 58 a9l Jgxis

Ex J (sinx)*(cosx)® dx
= j(l — (cosx)?)?(cosx)®dx

= f(cosx)6dx -2 J(cosx)gdx 1 j(cosx)lo dx — ormula

dadd JoSUI (K e by Sow 1S9 OleieYb el Jin CIlas ps

J (secx)*(tanx)™ dx

Case 1:

n and m both even

Ex: f (tanx)*(secx)® dx ——>z Uoying dinllaing Jildue Jolo(s€CX)? oman

J (tanx)*(secx)*(secx)? dx

J (tanx)*(1 + (tanx)?)?(secx)?dx

Z = tanx
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Case 2 :

n and m both odd

Ex: j(tanx)3(secx)5dx > zZuoyug dilaie 9 2w Jelesecx tanx coww
j (tanx)?(secx)*secx tanx dx

J((secx)2 — 1 (secx)*secx tanx dx

z =secx, dz = secxtanx dx

Case 3 :
n odd and m even dod yall Bgall 93 ORI I BIASYI > gy
Ex: [(secx)’(tanx)*dx formula e

j(secx)3((secx)2 —1)%dx

v
Cjij0|ddé

j(secx)7dx o j 2(secx) dx + j(secx):"dx

Sl 13 Jgo gl ddyan Comy 09 Dolgl) Jodb Lo e 1,50
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Examples : evaluate :
1)](cscx)4 (cotx)® dx

f ((cotx)? + 1) (cscx)?(cotx)® dx

Z = cotx dz = —(cscx)?dx

j (z% + 1)(cscx)?z®

dz
—(cscx)?

— f(z7 + z°)dz

728 26

— ;E;"F -E;l +C

((cotx)® (cotx)®
T8 T s ]

zd) dad (o8 die A 3L &
J=d pe JSTI 350 AeSHNg (251 U3 JIgd) 018

hlasisl Canliadl (2,80l aual &gl Jo <UST Jaid

dx

»sin( 2x ) = 2sinx cosx

j cosx + sinx
sin 2x

> [[esexax+ 2 [ secxa
5 | esex dx + o | secx dx

1
Elnlcscx —cotx | + Elnlsecx +tanx| + ¢
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3) f(tanx)z + (tanx)*dx
j (tanx)?(1 + (tanx)?dx

f (tanx)?(secx)?dx

Z = tanx

dz = (secx)?dx

4) j (tanx)3secx dx

[(tanx)? sec x tan x dx
[((secx)? — 1) secx tanx dx
Z = secx

dz = secx tanx dx

j cosx +1
>) COSX — 1 cosx +1

f cosx+1

——aXx
(cosx)?-1

f cosx+1
—(sinx)?

cscx + cotx + ¢

x = [(—cscx cotx — (cscx)?)dx
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7.3 Trigonometric Substitution

a’? —x% > x =asinb
2 2 _

a‘ + x“ - x = atanb
x% —a? - x = asech

Olwlaia)b 33L314u:9b 3¢i}ij‘cIJ)LoE&U[9~L9J;3JE; Lﬁ;L&Lﬂ O Ly:lﬁ:lu Lfﬁ*uLLoJ“Jézréj\‘ﬂi;&j L

Ex : Evaluate
1) [V4 —x2%2dx - V22 — x?
x = 2sinf dx = 2cos6do

[ 4 — 4(sin6)? 2cos6 db

[J4(1 — (sinB)?2).2cosH db

[ 24/(cos8)? 2cos6 d6

[ 4(cos6)?do note : c0s20 = 2(cosf)* — 1
(cosB)? = %(cosZH - 1)

[4. >(cos26 — 1) df

]

0 =77 sin20 =77

sin20 — 20 + c
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x = 2sinf 0= sin‘lg
X
sinf = > 2
V4 —x?
S E  2sin? g +c
dt
D e
t = 4secl

dt = 4secOtanf db
f AsecOtanb do

16(sect)? 4,/ (secH)?—1
1 tand do
16 Y secO-tand

~ [ cosf df — —sinb + ¢
16 16

1 Vt2-16
16 t

+c
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sin20 = 2sinfcos0

t =4 sec6
secH = L
4
M
4
t2 —16
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3) [y

X = 2tan® ,x=0-0=tan"1(0) =
dx = 2sec’0dO6 ,x=2-0=tan"1(1) =
fon/4 ?/5;; do Insec + tanb| ﬂé‘*

ln(\/f + 1)

4) f02/3m dx =f02/3 V22 — (3x)? dx
x =2sin6@ X

3x = 2sin6

dx = %cos@ do

/2

0

/5 4
j — cos?*60 do
0 3

2
2co0s0 . 3 cosO d6
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5) f01\/x—x2 dx (el JWS] puseind I dflin g5 Lia)

x — x?2

—(x* —x)

2 e (o0) Jolro ountts

&P e
TRl L o

1\/ 1 p
- X—— X
0 2

X _E = —Sme dx = —cos@ do

J

T/ 1
j —cos’0 d@ ——»
n/24

/21

1
—c0sO .—cosO db
n, 2 2

721 1 20 —1) d6
fo > E(cos —1)

2

1 (sin 26
4

1 "/2
j (cos26 —1) d6
0

-7

— 6|2 =2

2

calculas1

T T
( j even — 2 f even>
-r 0
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Extra problems:

x2

= dx

(3+4x—4x2)2

D f

2) [xV1 —x* dx

T/, cost
3) fo V1+sin?t

—>

e

—>

>

e JS) (1

x—%=sin9 (2

z=x%(1

z=-sin@ (2

—» z=sint(1

—® z=tanBO (2
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7.4 Partial fraction > bawdl dz)d oo ST pldall Ay
Decompositiond! ge29e (o S Y Jo8IL Ll Lo J3%

Ex:Write down partial fraction decomposition for :
1) 2x-1

(x2-1)(x2-4)

_ 2x—1

T (=1 (x+1)(x=2)(x+2) paal v (1

A B C D ASaa 5 ) g Janils Sl Jaa (2

Steps:

+ + +
x—1 x+1 x—2 x+4+2 sin s) 5 ke JS Juadl (3

x2+1
) (x3+1)(x3-x2)
. x2%+1
T e+ D) (2 +x+ 1) (x2) (x—1)

il Al
(x—0)?
A Bx+c D E F

- x+1 + x2+x+1 + (x—0)2 + x—1 + x

Laihy Jassall 5 (52 5 a5 2 il ae B e
constant

Lldan  JdeYiadiis,n  Jdisn
2
A sde (x—0)
T Ax+B A
B anrid
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x*+3
3) (x3-1)(x*-1) (x3+x?)

x*+3 x%+3
(x—1)(x*=x+1)(x—1)(x+1)(x2)(x+1) (x—=1)2(x+1)2 (x2)(x*-x+1)

A B C D E F (Gx + H)
7

G-D  G-D G+D  Gri? P 1D

*Integration

Evaluate:

X+5
1) [—— dx
xX“+5x+4
M\&;JJ<6M\A;JJ
P.f

x+5
x+4)(x+1)

A B B (x+5)
(x+&§/(x+1) B x+49)(x+1)

A(x+1) + B(x+4) x+5
(x+4)(x +1) C (x+ D+ 1)

Ax+1) +B(x+4)=x+5

to find the value of A/B we give Value to X that makes some terms equals zero
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x=-1/x=-4
B e A ) b i€ ]

At x=-1 > 3b=4 > b=

g 2 15 el s ol

At x=-4 > -3a=1 > a=_?1

-1 4
>[5 ax
x=4 x+1

-1 4
=?ln|x+1| +§ln|x+1|+c

x%=2x-1
) f (x—1)2(x2%2+1)

-pe2+y 4 B >k(,CZJ,l)_I_Cx+D* -2 X*=2x-1
(x-Dx?+1)  x—1  (x—1)%2 *+1)  x24+1  (-1)? (x—1)2(x2%+1)

Ax—1DE*+1D)+Bx?*+ 1)+ (Cx+D)(x—1)=x%>—-2x—1

x=1———> 2B=2 > B=1

x=0 — -A-1+D=-1 » A=D
x=-1——» -4A -2-4c+4D =2 ——» C(C=-1

Xx=2 — 5A-5-2+D=-1 — A=1, D=1
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f 1 -1 1-x
x—1 (x—-1)2 = x2+1

X
- d
x2+1 x2+1x

In|x —1| — j(x—l)‘zdx +]

1 1
In|lx — 1| + {7 tan~1(x) -3 In|x?+1|+c¢

x3+4x+43
) f x4+5x2+4

(X3+4x+3) Ax+B Cx+D
(x2+1)(x2+4) E:::::i> x2+1  x2+4
(Ax + B)(x*+4) + (Cx+D)(x*+1) = x3+4x+3
eSS
Ax3+ AAX + Bx?+ 4B + Cx3 + Cx + Dx? + D = x3+0x2%+4x+3

oz Oelaall Gyluo

A+C=1——>1
AA+C=4 —— 2
AB+D=3—* 3
B+D=0 ——4

1-2
3-4

v

3A=3 —— A=1,C=0

v

3B=3 — B=1, D=-1
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x =2 tan @

dx = 2sec?6do
fX n 1 d +f—2z~}eez’€d9

x2+1  x%+1

1 —
Elnlx2 + 1| +tan"tx + 7«9 +c

T

X
— tan" (%)
*More problems: 2

dx
1)f (x+1)3/2(x+2)

Z=Vx-—-1
dx
dz = ————
2Vx — 1
dx =2Vx—1 dz i

z2(z% +1)

f 2 dz —» P.f

z2(z%2+1)

A B Cx+D <«—-
zZ Z zc+1
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) fex+1
Z =e*
dz = e*dx
j dz
z(z+ 1) p-f
Zxdx
)fe2x+3ex+2
Z =e*
dz = e*dx

j(z+1)(z+2) Pt
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*Half angle substitution :

P.f oo o6 dloSl Bys b (coSX/SiNX ) dd oS Jg=1 dolal §,Sa1*

Method :

t=t a
= tan(3)

, ¢t 12t
VETI Ve 41 241

X X
sin(x) = ZSin(E) cos(z) =

X X
cos(x) = cos?(=) — sin?(2)
2 2
1—-t
t2+1
So

2t 1-t
COSX =
tZ2+1 t2+1

Sinx =

Examples :

Evaluate:

d . . .
1)f , ad — There is no method to solve this integration so half angle sub
1+sinx—cosx

t=t a
= tan(3)

1 X _ 2t
tan t = E SIinx = m
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1—t?

x=2tan"1t cosx =
241

q 2dt

X =
1+ t2
2dt
(1+t2)
éf (t24+1) ot Pl
Tt241 7 241 241

> dt —> P
Jt(t+1) 2

A B 1

+ =
t t+1  tt+1)
At+1) +Bt = 1

In|t|]| — In|t+1]|+c¢
[ ‘ +
nGyp T

i tan |§|

tan|%|+1)+c

(Page | 34)

t=1 a
= tan(5)




dx
2) f35inx—4cosx
t = tan (E)

x=2tan" 1t
2dt
241

2dt

6t +4t2—4]
t24+1 t2+1

dx

(t2+1)[

f 2dt
4t2+6t—4

[ s [——— —— p.f
2t243t-2 (2t-1)(t+2) )

7.8 Improper Integrals

J‘..Q.,a\@MMﬁQ\@Jup&&ﬂ\&gb@&@byﬂg@db&&ajm}b
lim J545 o const & dexd)l Jouiudd gVl gl pliall
Ex1:

Jy fodx

X =00 JdoBuz>g

b
zll—{?oL f(x) dx
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3 dx
Ex 3: Jb ;tzg

2 dx
—) foﬁ

a

lim

at x = 3 plae Liua

at x = 2 alas jia xX—2=

+3£ ANNNNNVNNNNNNY

2 x=2 0 2 3

_ 3 dx
+ lim
b-2* ), x — 2
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e Evaluate:

I dx
1) e
o V1 —x?2
" ja dx
im | ——
a=1" Jo V1 — x?2
a
lim sin™!x s
a—-1 0 5
lim sin"ta — sin™10
a—1"

1
2) f rinrdr
0

1 u = Inr dv = rdr
lim | rinrdr dr \23\ r2
a-0* J, du = _

u= 74—:!— V= 7
r? 1 1,
lim+—lnr — lim+ Edr
a—0 a a—0 a 7‘2 1
- S
| —azl 1 a? 2 2
. —a” _ o4+ &
am (e = 24 )
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* Find the volume of the region bounded by:

y = 42X , X = 0, y =0 about X

€

r=X—-(-1) =X+1
h= 4-—2x

V =2m[20(x+1)(4—2x)dx

(Page | 38)
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*Evaluate:

1 dx
D)o i

a

dx
. V1 —x2

1

lim
a-1"

a

lim sin™" x |

a—1"

. . . T
lim sin"ta — sin™10 -)5

a—1"

2) fol rlnr dr

u=Inx \%\Adv rdr
y dr r?
u=— = —
T 2
) r2 ) 1712
lim —Inr]i — lim [ — dr
a—-0 a-0t a 2
—92 1 92
lim (— lna— -+ —) —
a-0% 4 4
) 92 92 lna 1
lim (= — - = =
a—)0+ 4 2 4
1 .. Ina [e's)
—= lim —=—L.R
2 a-0t =
a
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1 .
—= lim
2 g-07t

N |-

QR

—-2a

a?

s
ot -2

A

4




co dz
3) fO Z243z+2

lim fa dz A B
a—o 0 (z+2)(z+1) z+1 zZ+2

. a 1 a -1
lim [fo (z+1) dz + fO (z+2) dZ]

a—o0o

lim(In|z+1]]§ — In|z + 2]]§)

a—oo

lim In(a + 1) — In(a + 2) + In(2)

a—oo

lim In2=  +In(2)

a—o0o

0+ In(2) =In2

v
+

v
o

Il
=
oy

Il

I
—_

Try it
[
4 dx
4) fO R < f;.......

Try it

5) [ xe™* dx = ans. Zero
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Extra Note:

fol xip dx —— find the value of P for which the integral converge

*converge: co-\eo Ll 5 2aa il g 4l

For P=1:

lirgl+ f;idx — In |x|](1)+ — In(1) - In(0*") —» 0 —» divergent
a—

For P#1:
) 11 ) 1 _ ) x~pt1
lim ["=dx=>» lim [ x7Pdx=> lim 14
a—0t a xP a-0t a a-0t —p+1

1 .. _
>— lim 1—ql™®

1-p g-0*t

P>1 —— div.

P<1 — conv.

Mm\ahﬁb)ﬁ\@a)ﬁc‘)*
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AREAS AND YOLUMES
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Chapter “6” Areas and volumes

6.1 : Area

Area =» integration

y:a:‘_j:é“a;'-

X=a!goges bt
x=-1 x=2
y=2
o]
y=-1 )
5
y =f(x) _ (b
/ Area= [ f(x) dx
0 a b

A=[IF() - g(x)] d

sl il
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wH

dxr Azflg(%— i)dx

What i :
at if we took cross section of dy instead of dx 7??
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Area = A, + A,

Length of dy can be calculated by

8 — 3x 8—2

X

2 Lengths = 2 parts of areas

~ We find the intersection

between x = 8 and y =i:

)’=§

Area = f;:f (8 — i) dy + f;:12(8 —Vx) dy

8
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Find the area of the region bounded by :
y=Inx), y=0, y=2, x=0
Using dx :

;‘;:ia&fﬂ\la&fsa;}]
Pointl:lnx=0 =2 x=1

Point2:lnx =e*¥ > x = e?

G Jad 28 OO | joany Sllia
dy s dx

A8y plall aadiidn 5 Al xe Sl
Sa Y

A=a+b
A=[l2=0) dx+[*(2—-In(x)dx

2
A=2+2(e2—1)—fle Inx dx

— 92 _ e, e
A=2e*—x*Inx|+ [ dx
1

A= 2e?—-2e?+(e?—1)=e€e2-1

(Page | 46)

u=lnx du=-—

dv = dx V=X




&

e

Using dy :
_ (v=2
A= fy=0 (e¥ — 0) dy
2
A=¢eY| =e?—e" = e?2-1
0

Both provides the same answer but dy
is easier.

Find the area of the shaded region:
Ay

= —_— :_1
m Ax m

y—yi=mx— xq)
y—0= —-1(x—1)
y=1—x

A=a+b

1 3
= j [eX — (1 —x)] dx + f (e* —In (x)) dx
0 1
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Find the area between y = %xz, y = 2x2,

Point1:3—x=2x%2 2 x=1or|x=-=

Point 2 : 3—x=%x29 x=2 or|x= —6

A=a+b

» Rejected

A= fol (sz — ixz) dx + flz[(S —x) — (lxz)] dx

4

Find the area enclosed by y = sin"! x, y =
; adalal) dalas aas

Point1: sin"lx = g 2> x=1

using dx :

Area = fol(g —sinTlx)dx > cralddss
using dy :

Area = f;:g siny dy=> y=sin"lx

X = siny
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e

Find the areaenclosed y = cosx, y=2—-cosx , 0<x <2m
21
Area = (2—cosx —cosx) dx
02n
Area = (2—2cosx ) dx

0 =

Find the area of the region bounded by :

Dy=e* y=x?-1, x=-1, x=1

Area = [ [e* — (x2 — 1)] dx

1

2) y=(x—-2)* y=x
¢ bl Ll aa

(x—2)2=x 2 x=1landx =4

Area = ff[x —(x —2)?] dx
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=

3)y =4x —x?, y=x?
;o) Lalas aas
x? = 4x — x?

2x% —4x =0

2x(x —2)=02>x=0and x = 2 \

Area = f02[4x —x% —x?%] dx

4) x:yz—z

NN
SRy

y=-1

1
A= [l - o~ 204y

—1
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6.2 Volume :
Volume (with revolution)
Disk Washer Cylindrical
g2rle he) g2rle he) shells
(05l Hsme e (0o Hsma e ) 3a elaia)
(Olos) Hsaal
1) Disk
*Note:
Y= ) *V=ijdx

*V=fAydy

07 X‘))Mujc d&ﬂ\obﬁ
a dx b

PRERY SUAL dalas daloudd) Oi LA Cy“nder

Disk method
Volume(cylinder) = 7?1

= rdx

r

S ——
(\ 777777

2| N\
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b
V=m| r?dx
a
b
V= nj f?(x) dx
a
Examples :

* Find the volume of the solid generated by revolving the region enclosed by:
y=+x,x=4,y=0 about :

1) X — axis
, _ _ _— About X-axis
: Disk 431 Laa3ls *
0 1 2 3 I § J

dx
_ b_2
V=mf r*dx

V=nf(Vx) dx
= nf04x dx

x2
=T.—
2

4 _ T _
0 E‘.jl6 = 81
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2)X =4 [\
0 i 305
| / 2 sele*
! i dy Disk 43l aa>u
b: x=4,y=\ﬁf
i 1 2 3 I ! y=2
b
Vznj r? dy
a

2
V=7T] (4—y*? dy
0

3)Y —axis
® O :~ 33 g gall Cile ) yall | 7ydas
® :. .‘. [ T EEEER Crad 43y lall s2a (8 (Lalaill)
" d o Disk
® L ] -
e a3k d
| Washer
0 1 2 3 I H @AY \A..J.Ai_.h.uj
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x Find the volume :

dx
0 2
Vznj (\/x+2) dx
—2
0

=7T]_2(x+2) dx

=
> About x-axis

* Find the volume of the solid that is obtained from:
y=x3y=8x=0 abouty = 8:

i

dx a=2

O e) b an Y
Q\J}ﬂ\ JJA.A}Z\AM\

— Disk

2
V=7rf (8 —x3)? dx
0

576
7
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2) Washer p abedlCnglpoesn
) Ols Jsaas s ) sl
g o8 off
I ® o T

/1!

Disk

V= nf:(roz —1%) dx

b
V=n j (F2(x) - g2(x)) dx

(Page | 55)

About y -axis

G(x)

Y

Disk

1,:outer r
1 Inner r




Example : find volume about y — axis

[\ _ Syar;bs

washer

2
v=r [ @-0% -0 ay
0

* find the volume :

L b:y=y
' , x?—x—-2=0
' ( x=2)(x+1) =0
. x=-1%A
- ' . x=2\/
K ' o = Vx + 2
' /\ [ =X

V=V gisk) T Vawasher) 2

=1 \/mz dx + nf [(\/m)z—xz]dx
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a:lnx=1
x=e

y=Inx

1) X — axis (Washer + disk)

1 e
V=7Tj012 dx + njl[(l)z—(lnx)z]dx

y=Inx
y=e*

2) y — axis (disk)
V=m fy(e)? dy
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y=-3 y=x°
#¢<*Find the volume: = /
Region: y=x* , y=1, x=2 | °
Abouty= -3 / y=1
y=-3
XxX=2
Washer: ©
RO= X -(-3) . /\
RO=x%+3
Ri:l_(-g) X-axis
Ri=4
V=m12 [(x*+3) 2-(4) ?]dx AS yay
x?=1
x=1yes
x=-1 no
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6.3 _Cylindrical Shells (o), saal 530 3 ahaia)

A

D

vr \ Q dy
\ 6 ) 50 ahaite 3215

r= u\)}ﬂ\ JJMJ&E&A\%&&M\

v h = éﬂﬁ-‘d\ Jsh

h after

I | dy ’
r revolving

+“——hL —

«——h

I PRY

v

]h
|

N~

V= 2[Irhdy

|

b
V=2[]J rhd d
Jo Thdy V = base * length * hight Y

() 5all) adaiall sl a3y

h/r 4ed o el
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Ex: find the volume (using shells)

iy

2)

5
h
= il A N N N N
7
0 r

_ y=6
V=27 fy=9 rh dhy
=2m [y (4= Vx)dy

=2n [y (4 - y?)dy

Y

——]

Y=1

r=y

0

V=2m foly (e¥) dy
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3)

y=Inx

0 /1 2

Abouty =1

Find the volume using shells

Sl S — "= S

1
v=27rf (1—y)eYdy
0

1)
Here (h) maybe

2 lengths

1
V=2nfx(1)dx +27fo(1—lnx)dx
0

1
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* find the volume of the region bounded by:

y =4-2X,X =0,y =0 about X = -1 using Shells

a
\
rly

~ ¥

\d::i.,

r=X-(-1) = X+1

h= 4-2x

2
V= 211] (x+1)(4—2x) dx
0
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* Example

Liangdi 5 dpmpun 53 Al
Volume by ) Jl g s<a sl
( rotation

a) SKip Jae GBS

/

* Show that the volume of sphere (3_1) is given by:

V=3/4mr3

Ans:

%h

r/

m L (VrZ —x2)? dx

ro.2 2
J_ (r? = x*)dx

2

2m for(r2 —x?)dx

3,,,.3 3
= 21 ( >

r

3 3

half circle

y = {Jr2 —x*
rotate it around x-axis the
Sphere is formed.

f_rreven =2 forf (%)

T
Zn(rzx—
213 4
3 ) =377
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Volume (without rotation ) = Slicing method

V=[A
Cross - section Cross - section
perpendicular to perpendicular to
X - axis y - axis
_ [*2 Y2
V=, Al)dx V= [ A(y)dy
A(x) , Aly)
1
[ - 1
Square circle Trianel
riangle
A= x? A=nr? €
2913 6 Gl
A=2A.B
‘:‘B“‘i‘
1 .
A=EA. B.sin@
0 : Angle
between
A&B
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=> Note
(1) Equilateral triangle = §3ba¥) s sluia culia
(2) Rightangle triangle - g5l 5 28 ilie
(3) Isosceles triangle 2> bl g sluie Eulia

% Steps:
OBV aus -1
Aol Zshid) Jals cross section s -2
cross section Jsh 225 -3
cross section 4abus x5 -4
Examples:

e Find the volume of the solid whose base is y = 4 - x* and x-axis
and the cross section is perpendicular to y-axis square.

2x
N N
e T N 2x
/ \ A=(2x)*=4x>

P A=4(4-)

V=["A®y)dy

V=[' 4(4-y)dy
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e Find the volume of y = x?, y = 1 - x? solid whose base
perpendicular to y-axis and cross section is square.

\%A / 2 diff. lengths 2 s >
// §7/\\ | A=(2x)2=4x2

y:

x% =1-x*

2x% =1

2 1 1 1

X 5:75 19“X'==-72 19‘[7 /C/, Afzz'—z 19‘3

e Find the volume of the solid whose base is circle x? + y? =1
and cross sections is perpendicular to x-axis is :

a) Semi - circle Q

Edi y

/ y A= my?=;md-2*)
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b) Equilateral triaxial

6 1
2y ’y —E.Zy.Zy.Sm6O
1,293
= 2.2y S
6 6

2y
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CHAPTER 8 :

APPLICATION OF INTEGRATION

(Page | 68)




&

7

ch 8 : application of integration

D dalSill e Gkl (g0
1) Arclength
2 ) Surface Area

8.1 : Arclength

ab

cd

v

¢ alsh el 8
ab? = x? + y?

ab = \/x? + y?

v

Calsh ael
cd=4-2=2

ALl gla & o
5k 5l O 58,
Cdall sd k| )

Arc length O by )5
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Arc length
—— L= f J1+(
—— L= J1+(

Note : il celd aa g Y

(Page | 70)

) ghadll

A8al) [ o) yBY) 3 (1
Okl w0 (12
Okl e 125 (3
JalSs 5 Haall sy (14




&

Ex : find arc length for :

3
1) y=x2,1<x<4

dA\S.\J\ gaa

x AV o) yBY) ) O sa il 5
X Al 38 Ghiall e gingy

(&

dy 3 1
ax 2%
Cdohll )
dy\* 9
() =37
1)

JalSs 5 ol aal

*Note :

oA ERA JER TR
dx

x=a,x =6 (e 0sSJalill agan

9X sl s 1)
dy

y=a,y=26 e OsSE Jalill 3 gas

JSED | gallay satally
s dalsall il

( Setup integer ) 4l

3
2
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s
A
2) y =In(secx) ) xE[O,E]
dy . secxtanx
dx 7 T secx
y =tanx
&
2
(y) =tan’x
1)
(y\)2+1=tan2x-|-1 » |remember:sec?x = tan®x + 1
dA\SS+).J.;
N 2 2 T
(y) +1=sec?x > Isecl,but 0 - = @
s i
3

v

L = f secx dx ln|secx+tanx||3
0 0

L =In|2 ++3|—1In|1+0]

L=1In(2 +3)
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=

3)y2 =X, Pl(OJO)

Py(1,1)
¢ il S f JalS 2 gan 23 50 sl (g8 cuk*
Juadl y J danilly (5] 43) Ligae A8l
. dx " -
- = 6 e WLXL 3l — 4 AN, ADe UK
y=a,y =06 Pl e y L 3
dx_2
dy_ Y
() =
dy
(2) +1-m2 41
dy -

g da G
Ja JaS)

» let 2y =tanx
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4)xy=1, P;(1,1)

1
I%)( 2 JE')
SIS FENPRIR RPN
dy
= — > > —
1)y , 22x21 , -
or
1 dx
= — > > — -
2)x , 1_y_2 Sy
H.W

Ans choice1:L=f12 x—14+1dx

choice2: L = [i /y—14+1dy
2

1A aga

5) x= L 4 L 1<y<2
- 8 4y2 y
dx  4y? —2y
dy 8 4yt
d« y® 1
dy 2 2y3
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x_ 1 ¥y _ 2
iy > E;;; , 1< y < 2
6
@ = L _2<y_3 (i>+ !
4 2 J\2y3 4y6
‘:\L\@JA dj\)[\ QFM\ ‘;\L\@)A
(xl)z_y_6_1+L

1+ @12 = L
4

IEUN
> Zs;g +1
G\MJA\S@)AUM\@\UJ&L&\JQYM\D&@

a’+b+c?= (a+bc)?
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Past Paper :

Find Arc length for :
(y —1)3 = x? if 1<y<5

. - . dx
Y oasn Gk oo x 2saa adhay 5l JaSo o L

. dx 5
Choice 1 _— — >

dy 1

. d 8

Choice 2 —_—> d_ic/ E— 0

Ans  choicel — ()4l aSia

choice2 —— L= f08 1+
9x3
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8.2 : Surface Area :

Surface Area > R EN

Aaa ) TAt @15 )

RS ENEERY

S.A for cylinder ( 4 shul) ) el Y * sacll) layse
A
T NN
L
l S.A=2nr*L
N

But, let f(x) is function shown in the stretch and
we want to rotate it around x — axis

find surface area of the resultant shape :

y J) gdie (sa a3) aadl* L
£(x) Ao A0 i3 ymdar
; 5 JST Aol L i r
B e e, 0sShr Ll ]

Aal gla el e

s L gl 4l aadi*
WSArc length JI Ll
il
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anbr 1+ (ﬂ)zdx X A¥a
> S.A > a dx
d dx YMYJ-1
222
— Zﬂj; T 1+(dy) dy
JolSilly pgranaid 5 31a o SS) grie e (K1 g 2717 + L WSS
Note: degs

r :is the distance between the curve and the revolution axis.

Example of “ r ” with selected general cases:

If the y axis If the x axis If the x=a axis is
(x=0) is the (y=0) is the the rotational
rotational axis rotational axis axis then:
then: then:
r=x-a
r= f(y)-0=x r= f(x)-0=y
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How to find r ?

v

o

- 1 ,const,b e ()

— ifr//x—axis,r =x

 » ifr//y—axis,r=y

Examples on finding r :

e Findrifa curve described by y = x2, x € {2,9} and rotates
about :

1)x-axis 2)y-axis 3)x=-3 4)y=-3 5)x=2

ANS,

1)
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2)

T T T T YT YT R YT Y

3)

4)

r=y—-3

r=y+3

r=x%+3
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r=f(x) +4sl)

rlabiall [ saal (53 ge ) gaall 13I%

r=f(y)+4l

Example: find the surface area for the following

1)y = x%;2 < x < 3; about the y — axis

Finding r as first step: Finding the arc length:

e Our “r”is set with respect to x so we use the
. S.A wit respect to x formula:

L=SA=2n[r |1+ (D)dx

=

Il

=
[ J

e a=2andb=
i 3 as they are our curve terminals
4 -2 0 2 4 ] 8 10 12 14 2
s dy 2 dx 2 2
2 . = (22 = (&2 = 4
72 = (2= (%)

e L=2m f: x+/1+ (4x%)2dx , setup integral
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2)y = 24/x; 0 < x < 4; about the x — axis

Finding r as first step: Finding the arc length:

e Our “r”is set with respect to x so we use the S.A
with respect to x formula:

e L=SA=2r[r |1+ (D)dx

e a=2andb = 3 as they are our curve terminals

, d d2+x 1 1
¢ V=== (@ =

. L:Zn’f:Z\/} /1+%dx

4 x+1
4 =21l'f 2\/x dx
A 0 x
t o VxH1 .
:an Wi dx=21tf 2Vx + 1dx
0 \ﬂ; 0
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3)y =+v1+4x;1 < x < 5;about the x — axis

¢ s )

(ams )l ans 5 e L 13)

s kil Cacaid culs ) il
; Alal) (sle claball | saad (550 50

o %

v

Finding the arc length

e Our “r”is set with respect to x so we use the S.A with
respect to x formula:

o L=SA=2r[r |1+ (D)%dx

e a=2andb = 3 as they are our curve terminals

s d_yz_ dv1+4—x2_ 4 2 4
* VY= (dx) = ( dx )" = (2\/1+4x T 1+4x

o L=2m [ VI+A4x |——+1dx =4m [ 5+ dxdx
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4)y =1In (x);1 < x < e; about the y — axis

o« L=SA=2n[x [1+—dx=2m [ Vx?+ ldx

5)y =vV4 —x?;, -2 < x < 2;about the x — axis

oy Vel 138 Jay

(Cponigall ) 1 S 3550

- ; /}_\ , ; y=V4—x23,h,ai e
' ' ’ ALS 5 S prie (S 7L 4dl L o

4 3
° U=§TL’T’

“1 o S.A=4nr?
oy o S.A=4m(2)?
e S.A=16m
2 Y SIS sy )k
_ _ 2 V4
r=y =2m [,V —x? == dx
r=V4— x2 = 2m (4)(2)
V= S.A=16m
. x?
(y)2+1=4_ ~+1
SA=2m [PVE—x?x |24 1dx
- 4—x
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